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0^ , Abstract 

This dissertation reviews various aspects of the AA=4 supersymmetric Yang-Mihs theory in 
, particular in relation with the AdS/CFT correspondence. 

Q ' The first two chapters are introductory. The first one contains a description of the 

• general properties of rigid supersymmetric theories in four dimensions both at the classical 

and at the quantum level. The second chapter is a review of the main properties of the 
^ ; AA=4 SYM theory under consideration. 

■ Original results are reported in chapters 3, 4 and 5. A systematic re-analysis of the 



perturbative properties of the theory is presented in the third chapter. Two-, three- and 
four-point Green functions of elementary fields are computed using the component formu- 
lation and/or the superfield approach and subtleties related to the gauge-fixing are pointed 
out. In the fourth chapter, after an introduction to instanton calculus in supersymmetric 
gauge theories, the computation of the one-instanton contributions to Green functions of 
gauge invariant composite operators in the semiclassical approximation is reported. The 
calculations of four-, eight- and sixteen-point Green functions of operators in the super- 
current multiplet are reviewed in detail. The final chapter is devoted to the AdS/SCFT 
correspondence. Some general aspects are discussed. Then the attention is focused on 
the relation between instantons in M=A SYM and D-instanton effects in type IIB string 
theory. The comparison between instanton contributions to Green functions of composite 
operators in the boundary field theory and D-instanton generated terms in the amplitudes 
computed in type IIB string theory is performed and agreement between these two sources 
of non-perturbative effects is shown. 
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Chapter 1 



Rigid supersymmetric theories in 
four dimensions 



Supersymmetry was introduced in [1] as a generalization of Poincare invariance and 
then implemented in the context of four dimensional quantum field theory in [2]. 
The idea of a symmetry transformation exchanging bosonic and fermionic degrees of 
freedom has proved extremely rich of consequences. Although up to now there exists 
no experimental evidence for supersymmetry, it plays a central role in theoretical 
physics. 

At the present day the interest in the study of supersymmetric theories relies on 
one side on the role it plays in the construction of a more fundamental model beyond 
the standard model of particle physics (SM) and on the other on the possibihty of 
deriving results that can hopefully be extended to phenomenologically more relevant 
models. 

The standard model describes the strong and electro-weak interactions within 
the framework of a SU(3)xSU(2)xU(l) non-Abehan gauge theory; despite the full 
agreement with experimental data there are various motivations for believing that 
it cannot be a truly fundamental theory. A first problem arises in relation with the 
grand unification of particle interactions. The gauge couplings are beheved to be 
unified at an energy scale of the order of 10^^ GeV. The standard model contains 
many free parameters (masses and mixing angles) that must be "fine-tuned" in order 
to achieve the grand unification {hierarchy problem): the problem follows from the 
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existence of ultra-violet quadratic divergences and is solved in supersymmetric models 
in which the divergences, as will be discussed later, are milder. 

Moreover the standard model does not include gravitational interactions: at 
present the only consistent description of gravity at the quantum level is provided by 
(super) string theories and supersymmetry appears to be a fundamental ingredient of 
such theories. 

In a more immediate perspective supersymmetric theories can be of help in un- 
derstanding aspects of phenomenologically interesting models. For example a de- 
scription of confinement in asymptotically free theories as dual superconductivity 
has been proposed and various realizations of this mechanism have been observed in 
supersymmetric models. 

More recently a correspondence between four dimensional quantum field theories 
and supergravity has been suggested; this particular subject appears very promising 
and will be extensively studied in chapter 5. 

This first chapter contains a review of rigid supersymmetry in four dimensions. 
The material presented is by no means original, the aim is to establish the notations 
and to recall ideas and results, mainly about the quantization of supersymmetric 
theories, that will be extensively used in the following. 

In the first part of the chapter the supersymmetry algebra and its realizations are 
described. Then the formalism of superspace is introduced in somewhat more detail 
both at the classical and at the quantum level. The last section reviews general 
properties of supersymmetric models. 

An introduction to supersymmetry is provided by the books by P. West [3] and 
J. Wess and J. Bagger [4] (whose notations will be followed in this thesis) and by 
the review papers [5, 6]; superspace techniques are treated in more detail in [7]; 
for phenomenological aspects of supersymmetry see [8] ; an extensive introduction to 
superstring theory is given in the book by M.B. Green, J.H. Schwarz and E. Witten 
[9]. 

1.1 General supersymmetry algebra in four dimen- 
sions 

Quantum field theory models of interest for the description of fundamental inter- 
actions combine the Poincare invariance with the invariance under a global internal 
symmetry group G. In [10] Coleman and Mandula proved, under general assumptions 
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following from the axioms of quantum field theory, a "no-go" theorem that, states 
that the most general symmetry group for a theory with non trivial ^'-matrix is the 
direct product of the Poincare group and an internal group G, which must be of the 
form of a semisimple Lie group times possible U(l) factors. 

Historically supersymmetry was discovered as an attempt to evade the constraints 
of the Coleman-Mandula no-go theorem . 

The Poincare group P=IS0(3,1) is the semidirect product of the group T4 of four 
dimensional translations and the Lorentz group SO (3,1); it is generated by P^, M^^y 
satisfying: 

[Px, M^,] = {r]x^P, - r]xuPf,) 

[Ml,,, Mp^] = -iVi^pM,^ + r],^Mi,p - r]„„M,p - r],pM„^) 

(See appendix A for the conventions and a collection of useful formulas). 

The generic internal symmetry group is a Lie group defined by the commutation 
relations: 

Internal symmetries are supplemented by the discrete ones C, P and T. 

The supersymmetry algebra is a graded extension of (1.1): the theorem of Cole- 
man and Mandula is bypassed by allowing anticommuting as well as commuting 
generators. In [11] the most general algebra allowed by this weakening of the hy- 
pothesis of [10] was constructed: it contains, beyond (1.1) and (1.2), anticommuting 
generators Q^, Qaj that are Weyl spinors transforming in the (|, 0) and (0, |) repre- 
sentations of the Lorentz group respectively, so that they do not commute with the 
generators and M^,^. Here a, d = 1, 2 are spinor indices and i, j ranging from 1 to 
J\f > 1 label the various of supersymmetries. 

The most general symmetry algebra of a supersymmetric quantum field theory is 
therefore given by (1.1) and (1.2) supplemented by 

{gi,g^} = 2a^p,5^^■ 



(1.1) 
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[Qaj,M^^] = {a^uT0Qj 

{Qai,Q^j}-e.0Zl. (1.3) 

[z^^x] = [4,x] = o, 

where B}"'^ = B^^i. In (1.3) X denotes an arbitrary generator in the algebra so that 
Z^^ — —Z^^ (central charges) generate the center of the algebra ^. Central charges 
play a major role in the quantization of jV-extended supersymmetric theories. They 
generate an Abelian subalgebra so that 

with BijU^^'' = -a^'^Baj''. 

The supersymmetry algebra (1.3) considered as a graded Lie algebra possesses a 
group of automorphisms which is U(A/') in the general case . The U(A/') group of 
automorphisms acts on the charges and Q^j as 

In the particular case of J\f—1 supersymmetry the U(l) group of automorphisms is 
generated by R such that 

[Qa, R] = Qa, [Qd^ R] = -Qd ■ 

The supersymmetry charges and Q^j transform in spin | representations of the 
Lorentz group; this implies that acting with or Q^j on a state of spin j produces 
a state of spin j ± |: supersymmetry generators exchange bosonic and fermionic 
states. Reversing the line of reasoning and starting with a symmetry transforming the 
fields among themselves in such a way as to mix bosons and fermions, one concludes 
that the different physical dimension of bosonic and fermionic fields implies that the 
transformation must involve derivatives, i.e. space-time translations. This gives an 

^In principle the antisymmetry of Z^^ is expected to imply that no central extension can exist in 

non extended {M=l) theories. It can be proved [12] that a central extension can actually be present 
in Af=l supersymmetric Yang-Mills theory. See [13] for a recent discussion in the context of the 
AdS/CFT correspondence. 
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intuitive explanation of how the requirement of a non trivial mixing of internal and 
space-time symmetries naturally leads to supersymmetry. 

An immediate consequence of the supersymmetry algebra is that in supersym- 
metric theories the energy is positive definite and vanishes only on supersymmetric 
(ground) states. The first equation in (1.3) implies 

i 

so that 

for every state and = if and only ifQ\ip) = 0, i.e. if \ip) is supersymmetric. 

1.2 Representations of the supersymmetry alge- 
bra 

The irreducible representations of the general supersymmetry algebra can be con- 
structed starting from the (anti) commutation relations of the preceding section and 
the definition of the Casimir operators. For the Poincarc group the quadratic Casimir 
operators are = P^P'^ and = W^W^, where is the Pauli-Lubanski vector 

Here W"^ is not a Casimir anymore, because M^^ does not commute with the su- 
persymmetry generators and Qaji and is substituted by defined (for the case 
N=l) by 

C — R P — R P 

The irreducible representations can be constructed by Wigner's technique of induced 
representations. 

A general result following from the supersymmetry algebra is that every irre- 
ducible representation contains an equal number of bosonic and fermionic states. 
Defining the fermion number operator (— )^^ such that 

^-)^f\B) = +\B), [-)^f\F) = -\F), 
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where \B) denotes a bosonic state and \F) a fermionic one, it follows that 

These relations imply 

= tr [{-ff{Q^,Q^}] = 2<7^5'^P,tr(-)^/ , 
so that in conclusion for non vanishing 

tr(-)^/ = 

from which the statement follows. 

Massive representations without central charges. 

For particles of mass M in the rest frame — {—M, 0, 0, 0) the supersymmetry 
algebra reduces to 

{QlQgj}^2M5aaSi 

{g.,g/3} = {Q„.Q^,} = o, (1.4) 

and creation and annihilation operators can be defined as follows 



V2M 

(<)• - (1.5) 

and (a^)^ satisfy the algebra of fermionic creation and annihilation operators. In 
fact by direct calculation one finds 



K,4> = {«) >K)} = o- (1-6) 

Given a Chfford vacuum \Q) defined by 

ai\n) = Wi,a, 

with P^|Q) = — M^|Q), the states are constructed by acting with the operators (a^)^ 
on 

l^^£l"-""> = 4Tfe)'---(<)'l^)- (1-7) 
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Antisymmetry under the exchange of pairs (a^, ik), («/, ii) imphes n < 2Af. For each 
n the number of states (degeneracy) is [ J , so that the total number of states 



n 

[i.e. the dimension of the representation) is 



n=0 ^ ^ 

The representation contains 2^-^^^ bosonic and 2'^-'^"^ fermionic states. The highest 
spin state is obtained symmetrizing the maximum number of spinor indices, namely 
Af, leading to the value ^J\f for the highest spin in the multiplet. 

Massless representations without central charges. 

In the "light-hke" reference frame — {—E, 0, 0, E), with = 0, the supersymme- 
try algebra reads 



The natural definition of creation and annihilation operators is then 

2y/E 

They generate the Clifford algebra 

{a\4} = 8] 

{a\a^} = {aj,a]} = (1.9) 

Notice that in this case only half of the generators can be used to construct the 
fermionic oscillators because Q\ Q^j anticommute. Starting with a state of lowest 
helicity A, |J1a), playing the role of a Clifford vacuum, defined by 

the states which constitute the multiplet are constructed as 

|qS„., , ) = -^a] . . . at . (1.10) 
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The state -J has hehcity A + | and because of antisymmetry in the indices 

ii, . . . ,i„ is ^ ^ times degenerate. The highest hehcity in the multiplet is A = 
A + y. The dimension of the representation given by the total number of states is 



i=0 



n 



CPT invariance imphes in general a doubling of the number of states because it re- 
verses the helicity. So for example the J\f—3 multiplet in four dimensions coincides 
with the J\f=4 multiplet if CPT invariance is required. Multiplets of particular rel- 
evance such as J\f=2 with A = — |, Af—A with A = — 1 and J\f—8 with A = —2 are 
automatically CPT invariant. 

Supersymmetry representations in the presence of central charges. 

For — —M^ in the rest frame = (— M, 0, 0, 0) the supersymmetry algebra with 
non vanishing central charges is given by 

{QlQ'p} = e^pZ^' (1-11) 

with Z^^ = —Z^^, Zij = —Z'^K Since Z*-' commute with all the generators, by invoking 
Schuur's lemma there exists a basis in which they are diagonal with eigenvalues Z'^K 
The antisymmetric H y~H matrix with elements Z*-^ can be put in the following form 

Z'^ ^IJ\Z''\IJ'^\\ 

with t/ is a unitary matrix and 

Z ^ e®D (for M even) 

Z = (^®^ ^) (for AT odd), 

where e = ^ ^ ^ ^ ^ and D is a diagonal y x y matrix with eigenvalues Zji^ 
such that — Zr, Zr > 0. Considering the case with M even the algebra can be 
rewritten in a more suitable form by decomposing the indices i and j as 

i = (a, R), j ^ (b, S) , 
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with a, b — 1,2 and R, S — 1, . . . , y. Now the algebra can be put in the form 

{Qf,Qf} = e„0e'^'5'''Zs (1.12) 
so that creation and annihilation operators can be defined in the following way: 

These operators satisfy the algebra of fermionic creation and annihilation operators 

{af,(a^)t} = 5,^5^^(2M + Z5) (1.13) 



Since {A, A^} is a positive definite operator VA, it immediately follows that Zr < 2M. 
For Zr < 2M Vi? the structure of the multiplet is the same as in the case of no central 
charges. For Zr — 2M with R — 1,... , R a, subset of operators b cancels out and the 
algebra reduces to a 2{Af — R) dimensional Clifford algebra giving rise to so called 
short multiplets. States belonging to short multiplets, also referred to as Bogomol'nyi 
Prasad Sommerfield (BPS) saturated states, play a crucial role in the non perturbative 
dynamics of supersymmetric gauge theories as will be discussed later. 

As an example of the previous construction consider the simplest case, namely 
Af—l massive multiplet with a spin zero Clifford vacuum the states are 

\n) (spin 0) 

{aaYlfl) (spin ^) 

j^ia^Yia^Yin) = --^^„^(a7)t(a^)t|j^) (spin 0) 

In the following the discussion will focus mainly on the Af—A massless case. For 
a rigid supersymmetric theory with fields of spin not larger than one the multiplet 
contains the following states with relative degeneracies 
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helicity 


- 1 


1 

2 





1 

2 


1 


degeneracy 


1 


4 


6 


4 


1 



Given the irreducible representations of the supersymmetry algebra the corresponding 
realizations in terms of fields can be immediately deduced. Although this was the 
historical pattern in the construction of supersymmetric quantum field theory models, 
it appears more natural to derive the structure of supermultiplets using the superfield 
formalism, so this will be the approach followed here. 

Notice that Wigner's method here employed gives representations of "on-shell" 
states. It is always possible to construct sets of fields realizing such irreducible rep- 
resentations, but on the contrary it is usually not possible, for jV > 1, to achieve the 
closure of the supersymmetry algebra on a set of "off-shell" fields, i.e. without use 
of the equations of motion. 

The irreducible representations of supersymmetry have automatically a well de- 
fined transformation under the group of automorphisms of the algebra (1.3). For 
massless representations the largest subgroup of the automorphisms group that re- 
spects helicity is the whole U(jV), whereas for massive states it depends on the 
presence and number of central charges. In the absence of central charges, or if 
none of them saturates the BPS bound, the spin preserving automorphisms group is 
USp(2A^). It reduces to USp(A^) for J\f even and to USp(A^ + 1) for J\f odd if one 
central charge satisfies the condition Z — 2M. 

1.3 J\f=l superspace 

Ordinary quantum field theories are constructed in terms of field operators that are 
functions (actually distributions) defined on Minkowskian space-time, parametrized 
by the coordinates x^. The action is required to be invariant under Poincare space- 
time symmetry as well as under transformations of an internal group G. The trans- 
formation of a generic field f{x) is of the form 

R{9)f{x) = f{r{g)x), (1.14) 

with R{g) and T{g) suitable representations of the relevant symmetry group. 

In supersymmetric models the space-time symmetry is extended by the intro- 
duction of the transformations generated by anticommuting charges Q^, Qaj- The 
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natural way to implement the extended symmetry algebra is to construct the theory 
in terms of generalized fields, called superfields [14, 15], depending on the coordinates 
well as on "fermionic" coordinates 9a and 9a 

F^F{x^,9a,9a). (1.15) 

Starting from the supcrsymmctry algebra a generic element of the corresponding 
group of transformations can be written in the form 

g{x,9,9)^e'^^''''^+'"'^"+'^'^^K 

The action on superfields is then defined through a differential representation of the 
operators P^, Qa and Q . 

This construction can be carried out in a more general fashion, suitable for 
generalization to the case of A/'-extended supersymmetry, defining the superspace 
parametrized by 

as a coset space. A/'=l superspace under consideration can be obtained as the coset 
SP/L, where SP is the super Poincare group generated by (1.3) and L is the Lorentz 
group S0(3,l). 

A coset group K=G/H can be parametrized by coordinates ^m, m = 1, . . . , (dim G- 
dim H). By writing an element of G through the exponential map 

where the generators of G split into the generators of H (Hk) and the remaining 
elements of the coset arc obtained by taking ('^ = 0. 

For the present case K=SP/L this implies that one should write 

SO that w'^^ = gives the elements of K 

which are parametrized by Zm = {x^, 9a, 9a); as a result J\f=l superspace is an eight 
dimensional manifold. Under the action of a group element — (ot^u, 77a) ^d) 

g O 6 — 6 ^"lg2 -'"/^I' = g' 
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An explicit calculation using Becker-Hausdorff 's formula and anticommutation of Q 
and P gives the following transformations of the coordinates 



-a 

9"^ = 9- + rj- + lw,,a'^''%9f, (1.17) 



Now comparison of {gi o (^(2) o e^'"-^™ with (yfi o (5(2 o e^™-^™) allows one to prove that 
the generators Qa and satisfy the supersymmetry algebra (1.3) for J\f=l. 
As already mentioned a superfield is a function of Zm 

F{z)^F{x,9,9). 

The transformation under the group action is the generalization of (1.14) that imple- 
ments z' — T{g)z with z' given by (1.17). For infinitesimal transformations 

5gF = F{z + 5z) - F{z) = 6gmX"'F{z) , 

which is achieved realizing the super Poincare generators through the differential 

operators X^^^ — {i-fn-i ^ixu) 

P ^ d 



d 



P — U i(T^ . f) 
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A calculation shows that they satisfy the super Poincare algebra 



;i.i9) 



Superfields defined in this way form linear representations of supersymmetry. Since 
supersymmetry acts on superfields through linear differential operators it follows that 
the product of superfields is a new superfield. 
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The objects considered up to now are scalar superfields ^; more general superfields 
transforming in a non trivial way under Lorentz transformations can be considered 
as well. In general a superfield carrying a set of Lorentz indices encoded in a single 
label p transforms as 

R{g)U{z) = D,^ (e-^""^"^-) F,{r{g)z) , 

where is a suitable representation of the Lorentz group. 

Physical fields directly related to the states considered in section 1.2 can be ob- 
tained from the superfields by expanding in the 9 and 6 variables. Since 6^ and 6a 
are Weyl spinors the expansion reduces to a polynomial. For a generic superfield 

F{x, e, 9) = fix) + e'^xa{x) + daT{x) + e'^e^gix) + dath{x) + 
+o''<a^r^{x) + e"ejX{x) + Oate'^u^) + e^ej^tsix) . (1.20) 

The fields /(x), x(x), -^{x), g{x), h{x), r^j,{x), \{x), ^{x) and s{x) constitute a 
supermultiplet and their transformation law is derived from the transformation of 
the superfield by defining 

8r,F{x, e, e) = 5^f{x) + e''5^xa{x) + ej^T{x) + e'^ej^^gix) + e^td^hix) + 
+r(7^r5,r'^(x) + rMdM"(x) + e^te'^dr.Ux) + (1.21) 

and matching terms with the same powers of 9 and 9. 

Linear representations of supersymmetry constructed in this way are in general 
reducible; the irreducible representations studied in section 1.2 are in correspondence 
with constrained superfields. All the representations of rigid A/'=l supersymmetry in 
four dimensions are realized in terms of two basic superfields, namely chiral superfields 
and vector superfields. 

From now on the differential operators Iq. and will be denoted as Qa and 
like the abstract generators since they satisfy the same algebra. The operators Qa 
and realize the left regular representation of supersymmetry on superfields, it is 
useful to analogously define the right regular representation realized by the differential 
operators 

Da=^+ ^<aO% , = - - ^^"^"^^'^ ^^-22) 

^Prom now on scalar superfields will be referred to simply as superfields. 
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satisfying 

{D^,D^} = -2ia^^^d, 
{D^,Dp} = {D^,D^}^0. 

Da and are usually referred to as superspace covariant derivatives, actually they 
can be obtained from the general expression for the covariant derivative in the coset 
space SP/L: the fact that Da and D^ do not reduce to da and da despite the flatness 
of the J\f—1 superspace is a consequence of the presence of a non vanishing torsion. 

Chiral superGelds. 
Chiral superfields are characterized by the constraint 

DaHx,9,e)^0, 

which takes a particularly simple form expressing 9,9), D and D in terms of the 
variable = + i9a'^9. As functions of y, 9 and 9 one gets 



Dr. 



d 



—a ' 

89 



so that the general chiral superfield assumes the form 

9) = (t>{y) + ^9xl^{y) + 99F{y) . 

Substituting y^^ = + i9a^9 and expanding in 9 and 9 yields 

^x,9,9) = (t){x) + V29'il){x)+i9(7^9d^(t){x) + 

+99F{x) - ^99d^i){x)a^'9 + -99'99U(i){x) . (1.23) 

Analogously antichiral superfields are defined by 

Da^\x,9,9)^Q. 
The natural variable is y'^^ = x^ — i9a^9; in terms of y'^^ 

$t ^ ^^{y\9) = cf>*{y^) + V29^{y^) + 99F*{y^) . 
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The field components associated to chiral and antichiral multiplets are of two 
complex scalars (0, F) and one Weyl spinor {ip) corresponding to twice the number 
of states in the massive on-shell N"—! multiplet of section 1.2. 

Products of (anti) chiral superfields are still (anti) chiral superfields. For example 

= (pi{y)<Pj{y) + V29[iPi{y)cf>j{y) + (f>i{y)i^Ay)] + 

+99[(l>i{y)Fj{y) + ct>^{y)F,{y) - Uy)Uy)\ 



The product is neither chiral nor antichiral. Moreover since D3 = = it 
immediately follows that for a generic superfield F 



D F^^ 
D^F = $t 



is chiral 

is antichiral . 



Notice that the double constraint — -D^$ = implies that $ is constant. 

Vector superfields. 
Vector superfields obey the constraint 

which gives rise to the component expansion 

v{x, e,e) = c{x) + iOxix) - tex{x) + -^ees{x) + 



—=ees\x) - Oa^eA^ix) + ieee 

v2 



V2 



+ 



-ieee 



+ -eeee 



D{x)-r-nC{x) 



(1.24) 



The supermultiplet contains two real scalars (C, D\ one complex scalar {S\ four 
Weyl spinors A, A) and one real vector (A^). This is twice the content of the 

massive M=\ multiplet obtained starting with a Clifford vacuum of spin | and also 
of the massless CPT invariant multiplet with minimum hclicity A = — 1. 

Since the vector multiplet contains a vector field A^ix) it is the basic ingredient 
for the construction of supcrsymmctric gauge theories. The supersymmetric general- 
ization of an Abelian gauge transformation [16, 17] is 



V — ^ y + $ + $^ 
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with 

$ + $t ^ (f) + (f)* + ^(^0^ + 0^-^ + f + Mf* + iea^edi,{(i) -(!)*) + 

V 2 V 2 4 

For the components one gets 

C C + + 

X — ^ X - i'^i^ 
S — > S-iV2F 

A^-id^{(P-(P*) 
X — > \ 
D — ^ D. 

Notice that the transformations for the lowest components C, x S arc purely 
algebraic (no derivatives involved), so they can always be used to put these fields 
to zero. This particular choice of gauge is known as Wess-Zumino (WZ) gauge. 
Subtleties related to the choice of the Wess-Zumino gauge will be discussed in chapter 
3. It is important to note that in this gauge one has 

V{x, 9, 9) = -9a^9A^{x) + i999\{x) - i999\{x) + ]-9999D{x) 

V\x,9,9) = ~9999A^{x)A''{x) 

Zi 

V''(x,9,9) = 0, Vn>3. 

Fixing the Wess-Zumino gauge still leaves an arbitrary Abelian gauge freedom on 
A,. 

From the vector superfield it is straightforward to construct a superfield containing 
the field strength for the field A^: it is defined as 

W^(x, 9, 9) = --^D^V{x, 9, 9) (1.25) 
and is a spinor superfield. Besides Wa it is useful to introduce 

Wa{x, 9, 9) = --^DDD^V{x, 9, 9) . (1.26) 
They are respectively chiral and antichiral: 



DaW^ = 
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and gauge invariant 



W[V + $ + $t] ^ w[V] . 



Gauge invariance of Wa allows to compute its component expansion in the Wess- 
Zumino gauge; in terms of y'^ one gets 



and analogously for Wa- 

1.4 J\f=l supersymmetric models 

The superfield formalism allows a straightforward construction of supersymmetric ac- 
tions. The supersymmetry transformation of the (66) 99 component (F-component) 
of a (anti) chiral superfield is a total derivative, as can be deduced by specializing 
(1.21) to the case of a chiral superfield, so that an action of the form ^ 



is automatically supersymmetric for an arbitrary chiral $. 

The same situation holds for the 9999 component (D-component) of a vector 
superfield yielding the supersymmetric expression 



for all y's such that = y. 

Requirement of invariance under the group of automorphisms allows to further 
restrict the possible couplings in the action for supersymmetric models; in this context 
the symmetry under transformations of the group of automorphisms is referred to as 
symmetry. 

^The properties of Grassmannian integration and the conventions here employed are summarized 
in appendix A. 




s 




s 
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1.4.1 Supersymmetric chiral theories: Wess— Zumino model 



The action for the Wess-Zumino model [18] is constructed in terms of only chiral 
superfields and reads 



S 



(1.28) 



In terms of component fields it becomes 

S ^ j d'^x^ -d^<f>*dyi - i^ia^d^^i + F*Fi + 
+gijk{(t>i<t>jFk - Ai^j<t>k) + \Fi + h.c. 



mij{(f)iFj - 



(1.29) 



The action of the Wess-Zumino model is invariant under the supersymmetry trans- 
formations 

SrjiJi = iV2a>'r]df,(j)i + V27]Fi 

The action (1.29) does not contain derivatives of the fields Fj. They are auxiliary 
fields: their equations of motion are algebraic and can be used to eliminate them 
from the action. Solving the equations for Fj 



dC 
dC 



dFk 



yields the Lagrangian 



^rriijipiipj - ^ 

-gijk'ipii^j(pk - 9*ijk'4^i'4^j4>l - V(0i, 0*) , 

where the potential V is given (for \ = 0) by the expression 



^ = (FkFk) = {rnik(l)i + gijk(t>i(t>j){rri*rnk(t>*rn + 9*mnk<l>mK) ■ 



(1.30) 
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This scalar potential in particular contains a 0^ interaction and the mass terms for 
the scalars 0^; actually the Wess-Zumino model is the most general renormalizable 
supersymmetric theory involving only chiral superfields. 

The action (1.29) is the most general renormahzable supersymmetric action that 
can be constructed in terms of only chiral superfields. More generally one can consider 
an invariant action of the form 



(fx 



where W(<1>) is a holomorphic function of $ called superpotential. In this case the 
scalar potential becomes 



V($) 



9W($) 



The Wess-Zumino model can be constructed in terms of unconstrained superfields 
using the property — D — and defining 

The unconstrained action that reduces to (1.28), for the case of one single field is 



3! 



:i.3i) 



*(D^)2 + ^tp2^t)2 

The equivalence follows using the identity 

J d^x j d^e-^^ j d^x J d^e I^-^d'^ 

1.4.2 Supersymmetric gauge theories 

Gauge invariant interactions can be constructed in terms of vector superfields and 
more precisely in terms of the superfield defined in section 1.3, which contains 
the gauge field strength among its components. 

Given a chiral superfield $ and a vector one V an Abclian gauge theory is obtained 
as follows. The gauge transformation for the chiral superfield is 

^ e-^«fc^$jfc , with D^K = 



20 



Chapter 1. Rigid 4d supersymmetry 



where denotes the charge of the superfield The gauge parameter must be a 
chiral superfield A. Supplementing these transformations with the following one for 
the vector superfield V 



Invariance under the above defined transformations is immediately verified. Notice 
that the action (1.32) is non-polynomial: this a general feature of supersymmetric 
gauge theories and is a consequence of the adimensionality of the vector superfield 
V. Choosing the Wess-Zumino gauge reduces (1.32) to a polynomial form since it 
implies — 0. This choice allows one to prove the renormalizability of the model. 

The vector superfield V contains the gauge dependent components C, x and -S" 
that can be put to zero by choosing the Wess-Zumino gauge as well as the real 
scalar D. The latter is an auxiliary field since the corresponding equations of motion 
obtained from (1.32) are purely algebraic. 

This construction can be generalized to the non Abelian case [19, 20]. For a 
generic non Abehan compact gauge group G the fields and V are matrices. 



an invariant action can be written in the form 




(1.32) 



with generators of G satisfying 



tr(r"r^) = C{r)6' 



ab 



C(r) = dr being the Dynkin index of the representation r. 
The gauge transformation takes the form 



and for the vector superfield 



(1.33) 
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It can be proved that in this case as well it is possible to choose the Wess-Zumino 
gauge in which — 0. 

For infinitesimal gauge transformations use of the Becker-Hausdorff's formula 
allows to write 

SV = V' -V = iCv/2 [(A + + coth(£y/2) (A - A^)] , (1.34) 

where Ca{B) — [A,B\ is the Lie derivative and (1.34) is a compact form to be 
understood in terms of the power expansion of coth(>C). 

The non Abelian generahzation of the field strength superfield Wa is 



4 



In the Wess-Zumino gauge the non Abelian Wa has the same form as in (1.27) with 

Ff,^ = df,A^ - d^A^ + ig[Af,, A^\ . 
The transformation law of induced by (1.33) is easily obtained and reads 

so that while in the Abelian case was gauge invariant for a non Abelian gauge 
group G it turns out to be covariant. 

The most general renormalizable action for interacting chiral and vector super- 
fields is therefore 



S = 



d^x — tr I 

4 1 16^2 



+ / dHe-^^'^e^^^ 



+ 



1 1 



(1.35) 



The corresponding component field expansion in the Wess-Zumino gauge for the case 
mij = 0, giju = is 

-ii^a^V^i) + F^F + iy/2g (^(P^fTyX" - Tt^'H^ + ^L>'^(/)^r>| , (1.36) 

where the correct factors of the coupUng constant g have been recovered substituting 
in (1.35) V — > '^gV. In (1.36) V/^ denotes the ordinary covariant derivative 

T>^(l^ = d^(t> + igAlT-ct> 
V^il^ = d^iP + igAlT'^il; 
V^X'' = d^X^' + igruAlX'. 
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Eliminating the auxiliary fields F and D through the equations of motion produces 
the scalar potential given by (1.30) plus the so called "D-term" 

The action (1.36) can be proved to be invariant under the transformations 

i^a^iV^<^ + ^iF 



5^F 



(1.37) 



The Wess-Zumino condition is not super symmetric so that it not only (partially) 
breaks gauge invariance, but it also breaks supersymmetry, that is recovered through 
a non linear realization given by equations (1.37). These transformations are more 
precisely a mixture of supersymmetry and the residual non Abelian gauge symmetry. 
The choice of the Wess-Zumino gauge leads to subtleties at the quantum level, as 
will be discussed in chapter 3. 

The super-gauge invariant action (1.35) can be generalized by introducing a com- 
plexified coupling constant 

_ 9 Ani 
2^ + ^ 

obtaining, in the pure super Yang-Mills case, the analytic expression 



S = — Im 

Stt 



r 



9^ 



If.^F^'' -iXa^V,X + ]^D^ 



+ 



e 



327r2 



/ 



d^x tr F^.F^'^ 



where F'^'^ 



2^ -t pa- 



1.5 Theories of extended supersymmetry 



The most straightforward way to construct multiplets for theories with extended 
{J\f > 1) supersymmetry is to assemble together J\f—1 multiplets in such a way as to 
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obtain a field content corresponding to the representations of section 1.2. It turns out 
that in general this program can be achieved only on-shell; in other words it is not 
possible to realize jV-extended supersymmetry in a closed form through an off-shell 
multiplet of fields. With the exception of J\f—2 supersymmetric Yang-Mills theories 
closure of the algebra without imposing the equations of motion would require an 
infinite set of auxiliary fields. This problem is related to the presence of central 
charges in the supersymmetry algebra ior Af > 1. 

As in the Af—1 case the notion of superspace will be introduced to start with and 
then explicit realizations in specific models will be considered. 

1.5.1 Extended superspace: a brief survey 

The aim of this section is to give a brief account of ideas beyond the superspace 
formulation for theories with extended supersymmetry, no claim of completeness is 
made. In the following extended superspace will not be used in explicit calculations, 
but it will rather be invoked to justify some statements. A detailed and self-contained 
review of extended superspace is given in [21]. 

The general construction of superspace as a cosct space introduced in section 1.3 
can be generalized to define extended superspace as the cosct K=SP*/L, where SP* 
is the extended super Poincarc group generated by the general algebra (1.1), (1.3) 
and L is the Lorentz group SO (3,1). The generic element of SP* can be written 

where Zij = QljZj. arc the central charges of the supersymmetry algebra and in this 
case there arc Af anticommuting generators Q^. Elements of the coset are obtained 
setting w^i, = and can be expressed in the form 

Consequently they are parametrized by the enlarged set of coordinates 

Zm^{x„9l9lCr). (1.39) 
Repeating the steps of section 1.3 allows to obtain the following supersymmetric 



(1.38) 
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coordinate transformations 



;i.4o) 



Under the action of the central charges x^, 9]^ and 9aj do not transform while 

Superfields are functions defined on the manifold parametrized by Zm 

F^F{x,,9lW^Xr). (1.42) 
The action of the super Poincare group on superfields is defined through 

R{g) F{z) = F{z') 

where z' is given in (1.40) and R{g) acts as the left regular representation. 
Differential operators generating the infinitesimal transformations now read 



o9 



_d_ 

dCr 

4 = -9fB:,-^-r{Bijy^. 

Relation to component field multiplets is estabhshed by Taylor expanding in the 
9, 9 as well as in the ( coordinates. Notice that the C's are "bosonic" coordinates, so 
that the expansion is a truly infinite series 

F(x, 9, 9, C) = F^'\x, 9, 9) + F^]{x, 9, 9) ((^^ + ..., (1.43) 
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where 



C=o 

"Super-covariant" derivatives generalizing those defined in section 1.3 are given 



by 



D.^ = (1-44) 



D. 



r 



d_ 



Just as in the case of jV=l superspace constraints defining superfields correspond- 
ing to irreducible representations of supersymmetry are implemented through the 
covariant derivatives (1.44). In general constrained superfields still depend on the 
coordinates so that the component supermultiplets contain an infinite number of 
fields; the only exception is the ^[—2 vector superfield defined by the condition 

D,V{x, 9, 9, C) = ^ ^,^,0 = 0. (1.45) 

As will be discussed in the next subsection the component fields associated to this 
superfield are those defining the A/'=2 supersymmetric Yang-Mills model. 

J\f > 1 irreducible on-shell representations constructed in section 1.2 contain a 
finite number of states (2^-^ in the massive case and 2^ in the massless case). The 
reason for the appearance here of an infinite number of component fields is that 
closure of the supersymmetry algebra off-shell in the presence of central charges 
requires infinitely many auxiliary fields, the only exception being the M=2 super 
Yang-Mills multiplet related to the superfield in equation (1.45). 

The M=2 supersymmetry algebra contains in principle two central charges, but 
one of them can always be eliminated through a chiral rotation, so that the only 
relevant anticommuting relation is 

{D^^,D^,] = 2e^pe^W^. 
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One can consider a superfield W satisfying 

D^^W = , D^W = . (1.46) 

A multiplet of fields can be obtained taking tlie ^ = component of the fields 

W, D^W, D-WiW, D^DfSiW, 

DiD^f,D';W, DiDp';DlW. (1.47) 

Exploiting the conditions (1.46) in (1.47) does not produce an irreducible multiplet. 
A further reduction is necessary which is achieved by imposing the reality condition 

This gives rise to a multiplet containing the fields 

D, xi, C'^, F,,, (1-48) 

where D and C*^ = C-'* are real scalars, Weyl spinors and F^^ — df^A^, — di^Af^ is 
the field strength for a real vector field A^. These are the fields of the J\f—2 super 
Yang-Mills model: they sum up a chiral and a vector J\f—1 multiplet. 

An example of a Af—2 multiplet possessing central charge arises if one considers 
a superfield satisfying 

1 

D^^j + D^j^i^Q. (1.49) 

Using these constraints a multiplet of fields can be obtained taking the ^ = com- 
ponent of the fields 

Some D-algebra manipulations allow to construct a supermultiplet containing two 
Weyl spinors and four complex scalars 

-00, Xa, (pi, Fi. (1.50) 

This multiplet is known as hypermultiplet and can be viewed as the combination of two 
J\f—1 chiral multiplets. It will be shown to describe Af—2 matter in supersymmetric 
gauge theories. 
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In general the constraints that need to be imposed on jV > 1 superfields cannot 
be exphcitly solved for the whole superfield; in other words considering all the 9- 
components yields a set of non independent fields. The lack of an explicit solution of 
the constraints does not allow to exploit the potentiality of the superspace formalism 
for extended supersymmetry, so that it does not prove so powerful a tool as in the 
N"—! case. 

These problems were partially solved in [22] by the introduction of harmonic su- 
perspace. It is based on a parametrization of ^[—2 superspace as a homogeneous space 
that leads to different bosonic coordinates associated to the central charges. Use of 
such coordinates allows to construct J\f—2 hypermultiplets in terms of unconstrained 
superfields. A generalization of this approach leading to the so called analytic super- 
space has been proposed in order to give a manifestly supersymmetric description of 
J\f—4: theories (see the review [21] for the details), however it only works on-shell. 

In the following all the exphcit calculations using superfield formalism will be 
carried out within the framework of J\f—1 superspace. 

1.5.2 jV > 1 supersymmetric models 

In this section only examples of M=2 theories will be discussed, the general properties 
of A/'=4 models, that are the main subject of this work, will be studied in detail in 
next chapter. 

H=2 supersymmetric Yang-Mills model. 

The superfield formulation of ^"—2 pure supersymmetric Yang-Mills models is a 
straightforward generalization of the J\f — 1 case because it is constructed in terms 
of a,J\f—2 superfield satisfying the constraint (1.45), which implies no dependence on 
the central charges. Since no central charges are present a full off-shell formulation 
is possible. Superspace in this case is parametrized by 



z, 



"m 



ip^fxi ^ctj) ("^A" ^ctt ^a) 



The starting point is a chiral superfield ^ defined by 



(1.51) 



There is a natural choice of variables to describe ^, namely 
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can be expressed in terms of y as 

^{y, e) = e) + i^rw^{y, e) + eeG{y, e) , 

where $ and G are N"—! chiral superfields and is a chiral spinor superfield. 
To construct a non Abelian gauge theory ^ is taken to be a matrix 

A J\f—2 supersymmetric action can then be written as 



s = — im |t y J d'ed'e tr (^2* j j ' ^^-^^^ 

where 

J\f—2 super Yang-Mills is obtained by further constraining the chiral superfield G. 
This is achieved by requiring ^ to satisfy 

Solving the constraint provides for G the following expression 

G^ j d^e ^\y - iOae, e)e'^iy-^^-e-e) _ 

Substituting into the general form (1.52) gives the action of A/'=2 super Yang-Mills 
theory. It can be viewed as a particular H—1 supersymmetric gauge theory coupled 
to chiral matter, namely it corresponds to the case of one single flavor in the adjoint 
representation of the gauge group. Supersymmetry does not allow a supcrpotential 
for the model. Integration over the 9 variables gives the component expansion. The 
superfield ^ is a singlet under the SU(2) R-symmetry group. The resulting component 
multiplet obtained eliminating the auxiliary fields in the Wess-Zumino gauge contains 
a vector ^4^ and a complex scalar that are SU(2) singlets and two Weyl spinors 
(^, A) that transform in the 2 of SU(2). As already noticed, this field content is what 
would be obtained putting together a vector and a chiral H—1 superfield both in the 
adjoint of the gauge group. 

The most general M—2 action that can be constructed in terms of the superfield 
^ of equation (1.51) is 



s = ^im I j dS: j d^ed^eT{-^)^ 
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where ^ is a holomorphic function of called prepotential. 



]\[—2 matter. 



The ^"—2 super Yang-Mills model can be generalized introducing the coupling to 
matter described by hypermultiplets. Hypermultiplets are associated to superfields 
satisfying (1.49). A kinetic term for these superfields can be written in the form 



Explicit dependence on the central charge docs not allow a manifestly A/'=2 formu- 
lation without resorting to harmonic supcrspacc. Anyway an on-shell action can be 
constructed in terms of A/" = 1 superfields. Denoting the two chiral superfields in the 
hypermultiplet by Q and Q the action in J\f=l language is given by 



S = Jd'xy d'e [q^e'^'Q + Q^e'^'Q + $^6^^$ 



An 



T / d'ew^w, 



+ 



d^9 



+ rriiQiQi) + h.c 



;i.53) 



The action (1.53) contains the ordinary kinetic terms, a mass term for chiral fields 
in the hypermultiplet and a superpotential that couples Q, Q and Notice that 
no potential term coming from a self interaction of the fields Q and Q is allowed by 
A/'=2 supersymmetry. This follows from the observation that Q and Q are assembled 
into a superfield transforming in the 2 of SU(2) R-symmetry and there exists no 
trilinear invariant in SU(2). 



1.6 Quantization of supersymmetric theories 

The functional approach to the quantization of field theories, based on the con- 
struction of a generating functional for the time-ordered products of fields, can be 
applied with no further difficulty to supersymmetric theories in their component field 
formulation. However, although this formulation allows to extract all the peculiar 
properties of supersymmetric theories at the quantum level, it makes rather obscure 
how such properties are a direct consequence of supersymmetry. On the contrary a 
quantization procedure can be carried out directly in superspace in a step by step 
manifestly supersymmetric fashion. This approach, that allows to construct directly 



30 



Chapter 1. Rigid 4d supersymmetry 



Green functions for the superfields, has proved extremely powerful and it is perhaps 
the most useful application of superspace techniques. 

Super Feynman rules for the computation of Green functions of the superfields 
were first proposed in [14] and then reformulated in a more powerful way in [23] . This 
latter formulation will be reviewed here. Once the Green functions for the superfields 
are known contact with the "physical" component field formulation is established 
by further integrating the fermionic coordinates {9, 6) to extract correlators for the 
various components. 

The discussion will focus on the quantization olM—1 superfields; it is also possible 
to generalize the method to A/'-extended superspace, e.g. to harmonic superspace, 
but the ^"=1 formulation appears to be the most suitable for application to explicit 
calculations, even in the extended case. 

1.6.1 General formalism 

In ordinary quantum field theories the path integral quantization is based on the 
construction of a generating functional for the Green functions. Denoting by 0j the 
generic fields of the model and by S[(j)] the classical action the generating functional 
is defined as 



where iV is a normalization such that Z[0] = 1 and Ji{x) are external sources asso- 
ciated to the fields Green functions are obtained taking functional derivatives 
with respect to the sources Jj. 

This approach has a natural extension that leads to a generating functional for 
the Green functions of the superfields in a supersymmetric theory. 

The general form of the action of a supersymmetric theory involves, in A/'=l 
language, chiral and vector superfields and can be written 



To construct a generating functional classical sources for the different superfields 
must be introduced, that are in turn superfields. Since functional derivatives are to 
be taken with respect to the classical sources, such sources must be arbitrary. A 
problem arises with chiral superfields as sources coupled to them must themselves 





(1.54) 
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be chiral. This difficulty can be solved by using a suitable definition of functional 
derivatives with respect to chiral superfields. 

For a generic superfield F{x, 9, 9) functional derivatives are defined according to 
the rule 

where the 5 function of fermionic variables is to be interpreted as 

S,{9 - 9') = 62(9 - 9')62(9 -9') = {9- 9'f{9 - tf , 

so that 

j d^9 S^{9 - 9')F{x, 9, 9) = F{x, 9', 9) 



and 



j d^x'd'^ff F{x', 9', 9')G{x', 9', 9') = G{x, 9, 9) . (1.55) 



5F{x,9,9) 

For chiral superfields $ one defines in turn 

5^{x',9'r9') 1-2 

=— — — D oAx — X )oA9 — 9 ) . 

d^x,9,9) 4 ^ ^ 

In this way the same result as in equation (1.55) is reproduced 

— /-^ / d''x'd'9'^x',9',9'Mx',9',9') = 
5^[x, 9, 9) J 

= j d'^x'dH' '^4(0; - x')5i{9 - 9')^{x\ 9', 9) = 

= J d^x'd^9'5i{x - x')5i{9 - 9')^{x\ 9', 9') = ^{x, 9, 9) , 

where in the last line it was used the property that di^9 and — \D are equivalent under 
space-time integration, as can be proved by direct calculation by an integration by 
parts. 

Given these definitions of functional derivatives the generating functional can be 
written as 

z[j, j\ Jv] = N J [v<^>v<^>^vv] e^5[*.*^^]+^(*.'^)+^(*^'^t)+,(y,J^) ^ 
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where S is the action (1.54), J (J^) is a chiral (antichiral) source, Jy is real and 

($,J) = J d^xd'^9^x,9,9)J{x,9,e), 

(V,Jy) = j d'^xd^9V{x,9,9)Jv{x,9,9) . 
Green functions can then be calculated by the formula 

- mmz,) . . . ^Zi)^\z,+^) . . . <^\z,)viz,+,) . . . v{zn)m = (1.57) 

5"Z[J, Jt, Jv] 



J=jt = Jy=0 



5J{zi) . . .5J{Zi)5.P{Zi^i) . . .5.P{Zj)5Jy{z.j+i) . ..5Jy{Zn) 

A generating functional for the connected Green functions can be obtained by 
taking the logarithm of Z 

W[J, Jt, Jy] = i-i) log (Z[J, Jt, Jy]) . 

The quantum effective action F that acts as a generating functional for the one particle 
irreducible Green functions is obtained through the Legendre transform. Defining the 
"classical" fields 

r is given by 



r[$, I.t, V] = {w[j, Jt, Jy] - [(J, $) + ( Jt, $t) + ( v)] ) 



where on the right hand side J = J[$, ^\ V], Jt = Jt[$, $t^ y] and Jy = Jy[$, ^\ V] 
come from the inverting (1.58). 

The generating functional Z can be expressed in terms of the corresponding func- 
tional in the free theory, Zq. The general action (1.54) can be divided up into a free 
part and an interacting part 

$t, V] = 5o[$, $^ V] + 5,„J$, $t, y] , 

where 5*0 is quadratic in the fields and contains the kinetic and mass terms. Then 
one can write 

Z[J, jt, Jy] = e'^'°* [j^'jjT' Zo[J, jt, Jy] , (1.59) 
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where 



Zo[J, J^Jv] J [V^V^^VV] e*^o[*,*t,y]+i(*,j)+i(*t,jt)+i(y,j^) 



and e ^'^^^sj'JJT'sjv^ is to be understood as a power expansion. Since is quadratic 
Zq is a Gaussian integral that can be exphcitly computed. Writing 

Zo[J, J\ Jv] = exp J d'xd^e ^^)M^ ( |t ) + 

+^ j d^xd^e VMvV + J) + ^($^ f) + Jy) 



one gets 



Zo[J, Jt, Jy] = expj^ j d'zd'z'{J{z),j\z))A^{z,z') j^^'J^ 



;i.60) 



+ 



:i.6i) 



+ -J d^zd^z' Mz)Av{z,z')Jv{z')'j , 
where superfield propagators, A$ and Ay, have been introduced. 

1.6.2 Superfield propagators 

To compute the propagators the free action must be put in a canonical quadratic 
form. Since the computation leads to different kinds of difficulties for chiral and 
vector fields the two cases will be considered separately. 



Chiral superGeld propagator. 
The general form of the free action is 



d^xd^e 



d^e -TTiij^i^j + 



$ ma $, + $ $ • 



[1.62) 



where the last line follows from the equivalence d'^6 ^ —jD^, d'^6 ^ ~\D , valid 
under a space-time integration, and the action of the projection operators 



^2 



Pi 



1 D^D 
16 □ 
1 D^D^ 
16 □ 



(1.63) 
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Hence the action can be rewritten as 

d^xd^'e Mij 



So -I 



[IM) 



where 



Mij = 



1 mjj 7-j 7-) 
4 □ 



1 mi. 



DD 



"V 4 □ 

Considering for simphcity the case of one single flavor and taking into account the 
source terms, the exponent of the Gaussian integral that yields Zq turns out to be 



ijd'xd'e ^($,$t)M(^|^ ^ + ($,$t) 



■4 □ 








A simple but lengthy calculation using D-algebra and properties of the projection 
operators allows to write Zq in the form of equation (1.61), where the chiral superfield 
propagator, known as Grisaru-Rocek-Siegel propagator [23], reads 

1 



A^{x,e,e;x',e',e) 

and Ssiz - z') = S4{x - x')S4ie - 9'). 



m 1 
4 □ ^ 



□ — 



1 



m D 
4 □ 



(1.65) 



Vector superfield propagator. 

The free field action for a vector superfield is 

^0 = J^^^[j d^^\^''Wa + J d^0^WJV^ + J d^^mV^I . (1.66) 

No massive vector field will enter the models considered in the following so m will be 
put to zero from the beginning. 

The kinetic operator in (1.66) has zero-modes so that just like in ordinary gauge 
theories a gauge fixing procedure a la Faddeev-Popov is necessary. This requires 
the introduction of a gauge fixing term in (1.66) and a further integration over the 
Faddeev-Popov ghost fields will appear. The gauge-fixed action thus becomes 



+ 'S'gf + Spp 

d*xd^e 



+ 



d^xd^e 



|(dV)(dV) 



+i j d^xd^e{C' + c')Cv (C + C)+coth£v:(C-C) , (1.67) 
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where C, C are chiral superfields for the ghosts and no source term has been intro- 
duced for such fields. The gauge fixing term here introduced corresponds to a class 
of gauges that for the component field interpolate between the Lorentz gauge 
(^ = 00) and the Fermi-Feynman gauge = 1). 

The free propagators for the ghosts are exactly the same as for ordinary chi- 
ral superfields. Furthermore there is a non polynomial interaction with the vector 
superfield coming from the expansion of coth(>Cy/2)- 

The vector superfield propagator is calculated from the quadratic part of the 
action 



So + >S'qp — 

d^xd'^e {V [-dpt - c{Pi + P2)o] V} = 

d'^xd'^eVMvV . (1.68) 

Introducing the source term for V the generating functional becomes 

Z[Jv] = J [VV] e^I^^yv+iiV"^y) . 

The Gaussian integral can now be performed yielding a result of the form (1.61), 
where the vector superfield propagator is 



Av{x,e,e;x',e',e') 



1 a , 

--P.--(P, + P.) 



^8(^-^0 



= --[l + {a-l){P, + P2)]Ss{z-z'), 



(1.69) 



with a — J. 



1.6.3 Feynman rules 

Once the free field propagators arc known the perturbative expansion for the Green 
functions of the superfields can be derived from the generating functional in the form 
(1.59) that yields 

Gni^li ■ ■ ■ 1 ■ ■ ■ 1 ■ ■ ■ 1 ^n) — 

= (0|T{$(zO . . . $(^.)*^(^m) • • • ^\z,)V{z,^,) . . . V{z^)}\0) = 



5J{zi) ' ' ' 5J{zi) SJ^{zi+i) ' ' ' SJ^{zj) SJv{zj+i) ' ' ' SJv{zn) 



E 

k=0 



k\ 



5 J' 5Jt' 5Jv 



Zo[J,J\Jv] 



;i.7o) 



J=jt = Jy=0 
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A super Feynman graph technique can be developed which is a straightforward gen- 
erahzation of what is done in ordinary field theories. Super Feynman rules for the 
evaluation of one particle irreducible Green functions can be derived given the above 
generating functional. The rules can be summarized as follows. 

• To each external hne is associated the corresponding superfield. 

• At each vertex there is an integration over the whole superspace d'^xd^O; factors, 
as for example powers of the coupling constant, to be associated to the vertices, 
are read directly from the action. 

• A factor of — |D or — acting on the internal chiral or antichiral lines 
respectively must be included at each vertex. Such factors come from the 
definition of the functional derivatives. At purely chiral (antichiral) vertices one 
factor of —\D {—^D^) must be suppressed, because it is used to reconstruct 
the measure over the whole superspace. 

• For internal lines the propagators previously derived are used. 

• The specific form of the interaction at each vertex as well as the combinatoric 
analysis are worked out exactly like in ordinary perturbation theory. 

• The expressions for the one particle irreducible Green functions in momentum 
space are obtained by Fourier transforming in the x variables, but not in the 
fermionic 9 coordinates. 

1.7 General properties of supersymmetric theories 

Supersymmetry has far reaching consequences in the quantum theory both at the 
perturbative and at the non-perturbative level. Some general results will be briefly 
recorded in this section. More can be found in the books and reviews quoted in the 
references. 

Some dramatic effects on the divergences encountered in perturbation theory can 
be easily derived from the Feynman rules. Explicit calculation shows that in Feynman 
diagrams four covariant derivatives are associated at each vertex, with the exception 
of vertices involving external (anti) chiral lines that have two derivatives less. More- 
over ($^$^) propagators with momentum p have an additional factor of ^ {^)- 
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Simple dimensional analysis allows to compute the superficial degree of divergence dg 
of a diagram which is 

ds^4:L-2P + 2V-C-E-2L, 

where L is the number of loops, P the number of internal propagators, V the number 
of vertices, C the number of or $t$t propagators and E the number of external 
chiral or antichiral lines. Use of the topological constraint L — P + V — 1 yields [24] 

ds^2-C-E. 

For graphs with only external V lines gauge invariance requires the presence of four 
D or D factors on the external hues so that the result is 

ds = -C 

For diagrams with only lines of a given chirality there are further factors of or D 
associated to the external lines so that one obtains 

ds — 1 — C — n , 

where n is the number of external chiral or antichiral lines. 

This calculation allows to determine all the potentially divergent diagrams. The 
only possible divergences are logarithmic and can arise in diagrams with only external 
V lines with C = {e.g. corrections to the vector superfield propagator) and in 
<|)t<|) propagators with C = 0. This shows that in supersymmetric models only 
wave function renormalizations may be required; there is no direct mass or coupling 
constant renormahzation, i.e. with W = one has Zw = 1, but 1 implies 

Zm = ^ 7^ 1. 

This and other results can be obtained from the general non renormahzation 
theorem for A/'=l theories [25]: Any perturbative quantum contribution to the effective 
action T can be expressed as an integral over the whole superspace and is local in the 
9 variables, namely 

r = / d^Xi . . . d'^Xnd^O G{xi, . . . , Xn) ■ 

•/„[$, ^\ V, D^^, D^^\ D^V, D^V, ...]. (1.71) 

The theorem can be easily proved using Feynman rules and successively integrating by 
parts the 9 variables exploiting the properties of Grassmannian integration. Explicit 
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calculations in the Af—A supersymmetric Yang-Mills theory showing the mechanism 
leading to this result will be presented in chapter 3, so the proof of the above statement 
will not be discussed here. 

Notice that the non renormalization theorem does not forbid in principle quantum 
corrections to the superpotential. It is easy to see that a contribution of the form of 
(1.71) can produce a correction to the superpotential [26, 27]. As an example consider 
a term of the form 



on chiral superfields, has the form of a correction to the superpotential. This example 
shows that in principle an arbitrary correction to the superpotential can be generated 
perturbatively. This effect is related to an infrared singular behaviour that can be 
present only in theories containing massless fields. The example shows that the 
correction, which is non-local when written as an integral over the whole superspace, 
can be rewritten as a local term integrated over a subspace. The same construction 
could not be repeated if the theory does not contain massless particles, since in that 
case one would obtain a factor of ^q^, which cannot be re-expressed as a subintegral. 
In [27] it was shown that such a correction as the one considered above actually occurs 
at the two- loop level in the Wess-Zumino model. In a Af—1 super Yang-Mills theory 
coupled to the Wess-Zumino model the correction appears at one loop [28]. An 
alternative approach to the study of this kind of effects has been given in [29, 30]. 

Other non renormalization theorems hold for theories of extended supersymmetry. 
In particular considerations based on the so called anomalies argument allow to prove 
the finiteness of ^"—2 theories beyond one loop. More precisely it can be proved that 
the only perturbative contributions to the (3 function of extended supersymmetric 
theories can come from one loop diagrams. This result allows to single out a class 
of finite supersymmetric models and among them the Af—A super Yang-Mills theory 
that will be studied in detail in the following chapters. 

Supersymmetry puts severe restrictions on the non-perturbative properties as well. 
A review of the general results on the non-perturbative dynamics of supersymmetric 
theories is provided by [31, 32]. Many astonishing results in this context can be traced 
back to the properties of holomorphy of supersymmetric theories. In supersymmetric 
models for example the superpotential is a holomorphic function of the chiral super- 




where $ is chiral. The right hand side, which follows since Pi — 



is the projector 
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fields. Analogously, since the parameters of the theories (such as masses and coupling 
constants) can be viewed as expectation values of auxiliary fields, various quantities 
depend analytically on such parameters. Using holomorphy properties many exact 
result have been derived. In [33] an expression for the (3 function of supersymmetric 
gauge theories was proposed that is exact at the perturbative as well as at the non- 
perturbative level for a class of models. Also on holomorphy rehes the construction 
of the exact solution for the low energy dynamics of a class of ^"—2 theories proposed 
by Seiberg and Witten [34]. 



Chapter 2 



M — ^ supersymmetric Yang— Mills 
theory 



Four dimensional M—A supersymmetric Yang-Mills theory is a very special quantum 
field theory It possesses several peculiar properties that will be reviewed in this 
chapter. The general properties of the model are discussed here, original results in 
the study of N—'i Yang-Mills will be presented in the following chapters. 

The action of the theory was given for the first time in [35, 36] within the frame- 
work of string theory toroidal compactifications. The theory has the maximal amount 
of supersymmetry for a rigid supersymmetric theory in four dimensions, namely six- 
teen real supercharges; a larger number of supercharges would require fields of spin 
larger than one and therefore the inclusion of gravity. 

Historically the interest in this model was raised by its property of finiteness; the 
(5 function of Gell-Mann and Low has been proved to be vanishing in perturbation 
theory and the same is supposed to be true at the non-perturbative level. As a con- 
sequence the superconformal invariance displayed by the classical theory is believed 
to be preserved after quantization. 

Moreover jV=4 super Yang-Mills theory possesses exact electric-magnetic duality. 
It contains beyond the elementary fields an infinite set of dyonic states which are 
believed to realize exactly the duality symmetry proposed by Montonen and Olive in 
[37]. 

More recently there has been a renewal of interest in J\f—'i Yang-Mills theory 
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following the proposal made by Maldacena in [38] of a new duality relating type 
IIB supergravity in d + 1 dimensional anti-de Sitter space and d dimensional (su- 
per)conformal theories. This subject will be discussed in detail in chapter 5. 

The present chapter is organized as follows. In section 2.1 the various formulations 
of the model, which will be employed at different stages in the following, are reviewed. 
Section 2.2 presents the classical symmetries and conserved currents of the theory. 
The properties of finiteness are discussed in section 2.3. The final section is then 
devoted to electric-magnetic duahty in J\f—4 supersymmetric Yang-Mills theory. The 
general aspects of electric- magnetic duality are reported separately in appendix B. 

2.1 Diverse formulations of A/^=4 supersymmetric 
Yang— Mills theory 

H—4 supersymmetric Yang-Mills theory in four dimensions was obtained for the first 
time in [35, 36] by applying the method of dimensional reduction to H—1 super Yang- 
Mills in ten dimensions. The latter is the low energy effective theory coming from 
type I superstring theory and describes a, H — 1 vector multiplet in ten dimensions 
consisting of one real vector and one Majorana-Weyl spinor. The action is ^ 

j d^°xtr j-^FrAF^^ + '-XV^'D^X^ , (2.1) 

where FpA = drA\ — d^^A-p -\- ig'[Ar, Aa] and A satisfies the Majorana and Weyl 
conditions 

— T 

X — C(io)A , A = iFsA , 

where C(io) is the charge conjugation operator. The action (2.1) is invariant under 
the supersymmetry transformations 

5^Aa = ifiV^X 
5^X = ErA^r^ry. (2.2) 

In the previous equations capital Greek letters F and E denote ten dimensional ma- 
trices. 

Dimensional reduction d la Kaluza-Klein on a six dimensional torus leads to 
a multiplet of fields in four dimensions possessing an additional SU(4)~SO(6) global 
^Capital Greek indices refer to ten dimensional space- time. 
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symmetry, which is a direct consequence of the ten dimensional Lorentz invariance. 
More precisely it is a consequence of the fact that the torus has a trivial holon- 
omy group. In general in the dimensional reduction on a Riemannian manifold of 
dimension k the spin connection is a SO(A;) gauge field and consequently the spinors 
transform, upon parallel transport around a closed contractible curve, under a sub- 
group of SO(/c), which is the holonomy group. In the case at hand of every spinor 
is covariantly constant, so that the whole SO(6)~SU(4) becomes a global symmetry 
of the model. Prom the point of view of the Af—A theory this SU(4) global symmetry 
is identified with the R-symmetry group of the J\f—A supersymmetry algebra, as will 
be discussed in the next section. 

In the bosonic sector the compactification gives rise to a four dimensional real 
vector and to six real scalars from the internal components of the ten dimensional 
vector. More precisely one defines 



Aa _ Aa 



// = 0, 1,2,3 
S = 1,2,3 



aAB 



_ IpABCi.^a 



= >1,5,C = 1,2,3. 



(2.3) 



In the fermionic sector a suitable choice of the ten-dimensional F matrices allows to 
write, in Majorana notation, the 32-component Majorana-Weyl spinor A as 



A 



Rxi 
V RX4 J 



A\T 



XA = cix"") 



In four dimensions one obtains four Majorana (or 



where L and R denote the left and right chirality projection operators and C is 
the four-dimensional charge conjugation operator related to the ten-dimensional one 

equivalently Weyl) spinors 

Lx^ 

A = 1,2, 3, 4. (2.4) 

RxA 



A^ = 



At the end of the day the result of the compactification is the J\f — A multiplet 
which contains six real scalars t/?""^^ satisfying (2.3), one real vector and four 
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Weyl spinors A^^, all in the adjoint representation of the gauge group. The construc- 
tion here described from the ten dimensional theory allows to derive immediately 
the transformation of the fields under the SU(4) global symmetry. Because of the 
constraint (2.3) the scalars ip"-"^^ are in the second rank complex self dual 6 of SU(4); 
the spinors A""^ are in the 4 while the A^ transform in the 4; the gauge field A"^ is 
a singlet. In the following a different notation for the scalar fields will also be used, 
namely one can define 

v'^\fAB^^'', i = l,2,... ,6, 

where {ti)-^^ are Clebsch-Gordan coefficients that couple two 4's to a 6 (these are 
six-dimensional generalizations of the four-dimensional (7^aa matrices) . 

In Weyl notation the action of the four dimensional theory turns out to be 

-gX^^iK^, ^ab\ - 9Ka[^\. + [^AB. Wcd\ } , (2-5) 

where tr denotes a trace over the colour indices and D'^^ = S'^^d^ + igf^^'^A^^ is the 
covariant derivative in the adjoint representation. 

The action (2.5) is invariant under the supersymmetry transformations 

<^A/ - -\F;,a^\^r,p'' + Ai{p^^^^'')tB-H^BC.^''%a'' 

^ -iX'^a^^^rfA-ir]''^<^\cXA, (2.6) 

which can be easily obtained from the ten dimensional transformations (2.2) using 
(2.3) and (2.4). 

A manifestly off-shell formulation of N—^ supersymmetric Yang-Mills theory 
would require the introduction of an infinite set of auxiliary fields as a consequence 
of the presence of bosonic coordinates associated to the twelve central charges in the 
jV=4 supcrspacc, as noticed in [39, 40]. A superfield formulation can be constructed 
using analytic superspace, however such an approach is rather involved and cannot 
be applied to explicit calculations because it is intrinsically on-shell. An on-shell 
superfield description can be given in terms of a superfield — W^^{x, 9^, OaA) 

satisfying [41] the reality condition 

Wab^^eabcdW'' , (2.7) 
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together with the constraint, 

pA^BC _ ^ (2.8) 

where Va is the super-covariant derivative. The fields entering the action (2.5) are 
combined into the lowest components of VF^^. 

In the next chapter perturbative calculations in J^f—A Yang-Mills will be carried 
out using a formulation of the model in terms of jV = 1 superfields. The field content 
of the theory can be obtained by taking one Af—l vector superfield V and three 
J\f—1 chiral superfields all in the adjoint representation of the gauge group. In 
this approach the six real scalars are combined into three complex fields that are 
the scalar components of the chiral superfields three of the Weyl fermions are 
the spinors of and the fourth fermion is the gaugino that together with the real 
vector constitute the vector superfield V. As a result only a SU(3)xU(l) subgroup 
of the original SU(4) symmetry is manifest in this formulation. More precisely the 
representations of SU(4) decompose according to 6 — > 3+3, 4 — > 3+1, so that the 
chiral superfields transform in the 3 of SU(3), the antichiral $| in the 3 and the 
vector y is a singlet under SU(3). 

The action in the M—l superfield formulation reads 



(2.9) 



where dy. denotes the Dynkin index of the representation to which the fields belong. 
To recover the correct dependance on the coupling constant g one must substitute 
V 2gV in the second term in (2.9). 

The action (2.9) is non-polynomial as is always the case in supersymmetric gauge 
theories in A/'=l superspace. In particular the scalar potential of (2.5) comes from 
the superpotential term 



y I y d^e w{x, 9, 9) + h.c. I = 



-i^euKr''{K<^i<^^){x,9,9) 



+ h.c. 
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By power expanding one obtains 

j d^xd^e |y"(x,^J)[-nPT-e(A + P2)n]K(^,^J)+ 

9, e)^i{x, e, e) + igfa,c^^]{x, e, e)v\x, e, e)^'\x, e, e) + 

-\g^fab'feai^^]{x, d, d)V\x, d, d)V'^{x, d, d)^'\x, 9,9) + ... 

-'-gfabc [d' {D''V''ix,9,9))] V\x,9,9) {D^V%x,9,9)) + 
-lg'fab''fecdV''{x,9,9) {D^V\x,9,9)) [{d\%x,9,9)) {D^V\x,9,9)) 

+ ...-^gr''[eijKK{^.ere)^i{x,9r9)^^{x,9r9)m+ 

+ e''''^^ia{x, 9, 9)^''jb{x, 9, m^Kcix, 9, 9)S{9)] + (c'a{x, 9, 9)C%x, 9, 9) 

-aa{x,9,9)C\x,9,9)) + ^^/abc {C'\x,9,9) + C'\x,9,9)) ■ 



+ 



+ 



■V\x, 9, 9) (C"=(x, 9, 9) + C\x, 9, 9)) - -g' fab' feed [C'%x, 9,9) + C {x, 9, ' 
■V\x, 9, 9)V''{x, 9, 9) (C'^ix, 9, 9) + C'^ix, 9,9)^+...\ , 



(2.10) 



which of course can be made polynomial by choosing the Wess-Zumino gauge which 
imphes — 0. In (2.10) the gauge fixing term as well as the corresponding ghost 
fields have been included following the prescription of (1.67) of chapter 1 and the 
expansion has been truncated to the terms that will be relevant in future calculations. 

Integrating over the 9 variables and eliminating the auxiliary fields through the 
equations of motion results in a different component field formulation, which again 
has a manifest SU(3)xU(l) global symmetry. Such a formulation will be employed 
in the next chapter in the discussion of subtleties related to the problem of gauge 
fixing in this model. Choosing the Wess-Zumino gauge one obtains 



S 



V^.V^^A^) - '-^fabe {e^jK^i^^'r^ + 



+tgV2fabe [X'^Tp'ir' 

-^K Wl^J W ) - 2^ [Jabe^l ^l) + JabeJ deluxe if if (fii (fi^ 



(2.11) 



This formulation can be easily seen to be perfectly equivalent to (2.5) apart from the 
the manifest R-symmetry, that is only SU(3)xU(l). 
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It is also useful to give a third component field formulation of J\f—A supersym- 
metric Yang-Mills theory in terms olM — 2 multiplets. This approach will actually 
be used in instanton calculations in chapter 4. The jV=4 super Yang-Mills multiplet 
decomposes in terms of H—2 multiplets into a vector plus a hypermultiplet. In this 
description the subgroup of the original SU(4) R-symmetry that is realized explicitly 
is SU(2)vxSU(2)-^xU(l), where the subscripts V and T-L refer to the vector and hy- 
permultiplet respectively: fields in the two multiplets are charged only with respect 
to one of the two SU(2) factors. The representations of SU(2)vxSU(2)>^xU(l) will 
be denoted by (ry, r-^)q with the subscript q referring to the charge and the 
following notation for the component fields will be used 

V ^ A" e (2, 1)^1, (/PG (1,1)^2, ^Me(l,l)o 

H ^ V"e(l,2)_i, g„^e(2,2)o, (2.12) 

where m, m = 1, 2. In particular the form of the Yukawa couplings in this formulation 
will be of relevance in the following calculations. In J\f—2 notation the Yukawa 
couplings read 

+ r (^..A^""A-^' + } , (2.13) 

In conclusion of this review of the diverse formulations of = 4 super Yang- 
Mills it is worth recalling that a truly off-shell analysis of the theory, in components 
and in the Wess-Zumino gauge, was given in [42] within the framework of algebraic 
renormalization. The problems related to the necessity of including an infinite set 
of auxiliary fields are dealt with using the method of Batahn and Vilkoviski. This 
approach, though technically rather involved, allows to prove that all the classical 
symmetries of the theory survive quantization. 

2.2 Classical symmetries and conserved currents 

The field content of J^f—A supersymmetric Yang-Mills theory described in the pre- 
ceding section is unique apart from the choice of the gauge group G. In the Abelian 
case the theory is free as follows immediately by observing that all the fields belong 
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to the adjoint representation of the gauge group, so that all the covariant derivatives 
reduce to ordinary ones if G is Abelian, and all the potential terms are proportional 
to the structure constants fabc- In the non Abelian case the theory has a moduli 
space of vacua parameterized by the vacuum expectation values (vev's) of the six 
real scalars, corresponding to a Coulomb phase. The manifold of vacua is determined 
by the condition of vanishing scalar potential (F-flatness plus D-flatness) which reads 

tr([(^^^,(^^^][^^5,^c^]) =0 ^ tr([(^^^■][(^,,(^,■]) =0. 

By writing explicitly in terms of generators of the adjoint representation one 
obtains 

1,6 dimG 

EE^-<^?^>tr([r«,T^])^ = 0, (2.14) 

i,j a=l 

SO that for a rank r gauge group G at most r components ipia for each field can 
have non vanishing vacuum expectation value. As a result the space of vacua is 
parameterized by 6r real coordinates. The moduli space is 

M^MP'/Sr, (2.15) 

where Sr is the group of permutations of r elements, because configurations in which 
two or more components of are exchanged are physically indistinguishable. In con- 
clusion the manifold M. is a 6r-dimensional real space with orbifold type singularities. 

In a generic point of the Goulomb phase with nonvanishing vev's for the scalar 
fields the gauge group G is broken to U(l)^, so that the theory is again Abehan and 
thus free. On the contrary the origin of the moduh space, where the vev's of all the 
scalars vanish, corresponds to a phase that is expected to describe a highly non trivial 
superconformal field theory. Note that the superconformal phase corresponds to an 
orbifold singularity of the manifold M.. In this phase the classical action (2.5) is 
actually invariant under a larger group of global transformations than that generated 
by the super Poincare algebra (1.3), namely the Af—A superconformal group. 

The jV-extended superconformal algebra in four dimensions is an extension of 
(1.3) which includes additional generators D, K^, 5^ and Sai corresponding respec- 
tively to dilatations, special conformal transformations and the associated special 
supersymmetry transformations. The complete algebra further includes the follow- 
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ing (anti) commutation relations, supplementing (1.3) 

[M^^, Kx] = r]u\Kf, - ri^xKu 

[D,P,]^-P, [D,K,]^K, 



{Sai, Spj} — {5*^, 5"^} — 

[5.,, P^] = -ta^^t [T\ P'^] = ta'^^^Ql 

{Qa^. ^} = 2e^^5p - le^^ian' pM,Jl + 4z£ + B\^^T, 

The operator ^4 in these relations is the generator of the U(l) factor of the group 
U(j\/')=SU(j\/') xU(l) of the automorphisms of the algebra. The N'—A case is singular 
since it implies 

The chiral rotation operator A must therefore have the same action on all the 
states in the multiplet. This implies in particular that it must act in the same way 
on states of opposite helicities — ^ and |, which is possible only if A is actually zero. 



(2.16) 
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For this reason the R-symmetry group in the jV = 4 case is SU(4) and not U(4) as 
would be expected from general arguments. 

As already noticed in section 2.1 a SU(4)~SO(6) global symmetry, that is identi- 
fied with the R-symmetry, naturally arises in the compactification on that leads 
to J\f—4: super Yang-Mills in D = 4 from the ten dimensional J\f—1 theory. In this 
context the reduction of the global symmetry from U(4) to SU(4) is understood as 
a consequence of the lack of a real six dimensional representation in U(4). More 
precisely it follows from the form of the Yukawa couphng A^'^fAa^,^^^] in the ac- 
tion (2.5). In fact a transformation, under the U(l) factor contained in U(4), of the 
type A — > e*"A for the spinor would require </7^-^ — > e~'^^°'ip'^^ for the scalars which is 
prohibited by the reality condition (2.3). 

The Noether currents associated with the superconformal transformations to- 
gether with those corresponding to chiral SU(4) R-transformations are components 
of a unique on-shell multiplet [43] . The complete multiplet of currents was given for 
the Abelian case in [44]. The conserved currents are 

^ l[5'^-(F-j2-4F-'^^F-'^'^+ h.c.]-^A"V^^a^)Ai 
+ S^'^id.lf^sXdy^^) - 2(9^^^^) (9>^^) 

= -a«'^F-,a'^c«dA^ + 2i^^s9^A«^ + ^i(7'^''/a,(^^BA/) 
J'a"" = ^^c5'V'' + W'^^^A^^-i^^^A^^a^^rc. (2.17) 

The remaining components of the supermultiplet are obtained by supersymmetry 
using the equations of motion and read 



c 








^AB 


= A"^A„^ 




= A"^(j^./A/ + 2i^^^F-^. 


A-aAB 


= ^£ABD^(<^^^A„^ + (^^^A«^) 


^AB 
id CD 


,„AB— ^ xA xB ,„EF— 
= V VCD - [CO D]^ fEF 



In (2.17) T^iy is the (improved) energy momentum tensor, are the spin | su- 
persymmetry currents and J^^^ are the SU(4) currents. 7^,^ is a singlet under SU(4) 
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whereas E(^^ transforms in the 4 and in the 4x4. The multiplet further includes 
three scalars C, S^^^'' and Q^^ , two fermionic spin | components XaAB and 
one antisymmetric tensor B]^^^. Their transformation under SU(4) is as follows: the 
scalars C, £!(^^) and Q^^ are respectively in the 1, 10 and 20, the two fermions x^ab 
and belong to the 4x6 and 4 respectively and B\^^^ is in the 6. 

All of these fields can be obtained as lowest components of an on-shell superfield 
which is a bilinear in W' = It^^W^^ 

>V|) = tr (w'W^ -Y^kW" 

In the non Abelian case in (2.17) and (2.18) there is a trace over the colour indices 
and additional terms are present. Such terms comprise beyond those required for 
the covariantization of all the derivatives also 'potential' terms. For example the 
complete non Abelian expression for S^"^^^ is 

SiAB) ^ (^.A^^B) + ,,gf;)nr i^V^') , (2.19) 
where ^[j^j^'*^ is the completely antisymmetrized product of three tf^ matrices. 

2.3 Finiteness of J\f=4 supersymmetric Yang— Mills 
theory 

The first argument suggesting the possibility that the N'—A supersymmetric Yang- 
Mills theory could be a finite theory at the quantum level, free of ultraviolet as 
well as infrared divergences, was given in [19]. In that paper within the study of 
the general problem of the coupling of scalar (chiral) multiplets to vector multiplets 
it was observed that a number of three chiral multiplets in a supersymmetric Yang- 
Mills theory would lead to a Gell-Mann and Low P function vanishing in the one-loop 
approximation. In fact for a gauge group G=SU(A'") the one loop P function is given 

by 

/3 = — ^(3-n)iV, 

where n is the number of chiral multiplets coupled to the vector multiplet in the J\f—1 
language. 

Successively this result was improved in [45], where the same was shown to hold 
at the two loop level by an explicit computation in the component field formulation. 
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Further improvement of this result beyond two loops proves extremely complicated 
using ordinary techniques based on Feynman rules for the component theory. There 
exist a computer calculation [46] of the three-loop j3 function performed by using 
ordinary Feynman rules which gives a vanishing result as well. 

Superspace techniques allow to derive this result in a much simpler way as was 
shown in [23, 47, 48]. The basic ingredient is the observation that a vertex coupling 
three chiral superfields is finite as a direct consequence of dimensional analysis. By 
applying the rules of section 1.7 the superficial degree of divergence of a Green func- 
tion with three external (anti) chiral superfields is negative, D — 2 — 2, — —1, i.e. 
the diagram is finite. This means that the (5 function is completely determined by 
the wave function renormalization constant calculated from the divergent part of the 
propagator of, say, the chiral superfield. The equation for the (3 function [48] is 

where Z^^ is the coefficient of the simple pole term in the Fourier transform of the 
chiral superfield propagator. Calculations presented in the papers of references [47, 
48] show that the propagator of the chiral superfield is finite, in the supersymmetric 
generalization of the Fermi-Feynman gauge {a—1 in the notation of section 1.6), 
up to three loops, implying the vanishing of the (5 function at the same order in 
perturbation theory. 

The lack of manifest J\f—2 supersymmetry in the calculations described up to now 
prevents from using the non renormalization theorem for J\f—2 in order to extend the 
result to every order. A formulation based on unconstrained H — 2 superfields (which 
is basically a version of harmonic superspace) was developed in [49] ; such an approach 
allows a description of M—^ super Yang-Mills with manifest M—2 supersymmetry. 
The finiteness of the theory at all orders in perturbation theory is then a consequence 
of the H—2 non renormalization theorem once the absence of divergences is proved 
at one loop. 

Another proof of the finiteness of the theory was given in [50] using a hght-cone 
superspace formulation. The advantage of this formulation relies on the fact that 
only physical fields are involved so that no auxiliary fields are necessary, however the 
lack of Lorentz invariance introduces other difficulties and makes the interpretation 
of the results less transparent. 

A different approach based on anomaly arguments has been presented in [51]. 
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The vanishing of the (3 function is obtained as a consequence the superconformal 
invariance since (see [52]) 



so that invariance under dilatations, implying the vanishing of T^'*, immediately gives 
(3{g) — 0. The problem is therefore the proof of superconformal invariance, which is 
obtained as a consequence of the SU(4) symmetry being preserved at the quantum 
level. As already remarked a different demonstration of superconformal symmetry 
was given in [42] using somewhat more general arguments. 

All of the results here discussed either apply to gauge invariant quantities or are 
obtained avoiding possible subtleties related to the choice of the gauge. As will be 
discussed in the next chapter subtleties are actually present in the calculation of 
non gauge invariant quantities such as Green functions both in the component field 
formulation and in the description in terms of J\f—1 superfields. 



During the last few years the concept of duality has been the basic ingredient for 
striking results in the analysis of the non-perturbative behaviour of supersymmetric 
gauge theories as well as of superstring theories. The fundamental idea of dual- 
ity is that of a transformation relating two different and somehow complementary 
descriptions of a physical system. The role that duahty plays in the study of the 
non-perturbative properties of a physical model relies on the possibility of construct- 
ing a transformation that maps the non-perturbative regime of the system into the 
perturbative regime of the 'dual' system. Examples of this kind of duality have been 
known for a long time; in particular the duality shown by Kramers and Wannier [53] 
in the case of the 2-D Ising model and that estabhshed between the Sine-Gordon and 
the Thirring models [54, 55] appear very representative. 

The two dimensional Ising model is defined by a set of spin variables CTj taking 
values ±1 and living on a two dimensional square lattice. The interaction is restricted 
to nearest neighbours and the partition function reads 
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where K is related to the temperature T and the ferromagnetic couphng constant J 
through K — J/ksT (ks being Boltzmann's constant). In (2.20) the sum on {a} is 
over all spin configurations and the sum on (i, j) is over all pairs of nearest neighbours. 
The model was explicitly solved by Onsager and exhibits a single phase transition to 
a ferromagnetic state at a critical temperature Tg. Kramers and Wannier computed 
the critical temperature by using duality arguments, before the exact solution of the 
model was found. The crucial point is that the theory can be reformulated in a 
different ( "dual" ) way by writing the partition function as a sum over the elementary 
plaquettes of a dual lattice whose sites are the centers of the plaquettes of the original 
one, with a new coupling K*. The two descriptions are then equivalent, namely 
Z*{K*) — Z{K), if the couphngs are related by 



Notice that this implies that the high temperature (or weak coupling) regime, K <^ 1, 
of the original description is mapped by the duality transformation to the low temper- 
ature (or strong coupling) regime, » 1, of the dual system. The computation of 
the critical temperature is based on the hypothesis that the system has a single tran- 
sition point. The critical point must then be the self-dual point of the transformation, 
K ^K*, which gives sinh[2 J /keT^] = 1. 

A second interesting example of duality occurs in two dimensional relativistic field 
theory and relates the Sine-Gordon and the Thirring models. The Sine-Gordon model 
is defined by the 2-D action 



where is a scalar field and the parameter (3 plays the role of a coupling constant 
as can be established by power expanding the potential term. The spectrum of the 
theory contains 'meson' excitations of mass = ^/a and solitonic states with 
mass Ms = Therefore the sohtonic degrees of freedom have large mass in the 

weak coupling regime. It can be shown that the Sine-Gordon model is completely 
equivalent to the Thirring model which describes a system of interacting fermions. 
The action of the latter is 



can be mapped into the action (2.21) through bosonization [54, 55]. More precisely 
it can be proved that the duality transformation maps the soliton of the Sine- Gordon 




(2.21) 




(2.22) 
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model into the elementary fermion of the Thirring model and the meson states of 
(2.21) into fermion-anti-fermion bound states. The relation between the coupling 
constants is 

_ 1 
47r ~ 1 + ^ ' 

TT 

SO that in this case as well duality establishes a strong/weak coupling correspondence. 

The crucial role that duality plays in the context of supersymmetric gauge theo- 
ries relies on this fundamental feature. The kind of duality that is relevant in four 
dimensional quantum field theories is a generalization of the electric- magnetic duality 
introduced for the first time by Dirac in [56] . The general features of electric-magnetic 
duality are reviewed in appendix B, where the case of the Georgi-Glashow (or Yang- 
Mills-Higgs) model is described. The apphcation to the J\f—4: super Yang-Mills 
theory is discussed in this section. There are various reviews on electric-magnetic 
duality, see in particular [58, 59, 60]. 

2.4.1 Montonen-Olive and SL(2,Z) duality 

Most of the analysis of this section will be carried out for a SU(2) gauge group, 
but the results can be generahzed to larger groups. The classical spectrum of non 
Abelian gauge theories can contain non-perturbative states associated with solitonic 
solutions of the equations of motion. The corresponding field configurations are 
characterized by a topological charge that is interpreted as a magnetic charge, so 
that these states describe monopoles and in general dyons (states with both electric 
and magnetic charge) [61]. As discussed in appendix B the Georgi-Glashow model 
with Lagrangian 

possesses, in the (BPS) limit of vanishing potential, a 'classical' spectrum, contain- 
ing one scalar massive Higgs field, one massless 'photon', massive bosons and 
monopoles JVF^, that is summarized in the following table 
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Mass 


i^Qei Qm) 


Spin 


Higgs 





(0,0) 





Photon 





(0,0) 


1 




ve 


(±e,0) 


1 




vg 


(0,±^) 






where and Qm are the electric and magnetic charge operators defined as 

Q, ^ d^xDi^'^Ei, (2.23) 

with El and Bl the non Abehan electric and magnetic fields respectively. All of the 
states saturate the Bogomol'nyi bound [62] 

m>vy/Ql + Ql, (2.24) 

where Qm = ^^^^ and Qe = rige, with ne,nm € Of course quantum corrections 
might in principle modify this situation, however the above picture is expected to be 
a good approximation in the weak coupling limit, e <C 1. In this limit 

— ev <t^v , — gv = — v » v . 

Montonen and Olive have suggested in [37] that a duality transformation exchang- 
ing "electric" states associated to bosons and "magnetic" states associated to 
monopoles and at the same time electric and magnetic charges could be an exact 
symmetry of the full quantum theory in the BPS limit. The exchange of electric and 
magnetic charges implies, because of the Dirac quantization condition (see appendix 
B), 

4:71 

e — ' 9 = 

e 

so that the proposed symmetry is intrinsically non-perturbative. 

The conjecture of [37] is based on the classical spectrum and on the following 
arguments. First of all the mass formula (2.24) is invariant under duality as can be 
easily checked. Moreover a semiclassical analysis [63] based on the so called moduli 



56 



Chapter 2. A/'=^ super Yang-Mills theory 



space approximation (to be discussed in the final subsection) shows that the inter- 
action between two monopoles vanishes, whereas there is an attractive interaction 
between monopoles and anti-monopoles. The duality symmetry would require that 
the same should be true for the bosons. It can be proved at the semi-classical level 
that this is indeed the case because the repulsive interaction between equal charge 
W bosons is exactly cancelled by an identical contribution due to the exchange of 
scalars, that are massless in the BPS hmit. 

There are some basic problems with the Montonen-Ohve proposal, namely 

• Quantum corrections are expected to spoil the results of the semi-classical anal- 
ysis. In particular a non- vanishing potential V{^) could be generated. 

• The elementary bosons have spin one while the monopoles that should be 
related to them by the duality have spin zero, making an exact matching of the 
quantum numbers impossible. 

• The role of the dyons has been neglected in the previous analysis. 

It will be shown that all of these problems can be solved in supersymmetric theo- 
ries. In particular the J\f=4 supersymmetric Yang-Mills theory is supposed to realize 
exactly a generalization of the Montonen-Olive duality called S-duality. This gener- 
alization emerges when the effects of a non-vanishing vacuum angle are taken into 
account. In the presence of a ^-term (see the end of section B.2) the Lagrangian of 
the Georgi-Glashow model can be written 

C = -^Im [r {F'^" + t * F^'') (F^, + t * F^,)] - l-D>^^D^^ , (2.25) 
oZtt z 

with T = ^ + • The electric and magnetic charges of the dyon states saturating 
the Bogomornyi bound are Qe = + T^mff and Qm = "^m" respectively. 
Periodicity in 6 requires invariance under 

T — >T + b, beZ, (2.26) 

which amounts to a shift in the electric charge Ug — > Ue — brim, Um — firm or in matrix 
form 




(2.27) 
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Furthermore at ^ = the duahty of Montonen and Ohve becomes 

T ^ -- , (2.28) 

T 

that is equivalent to the exchange of electric and magnetic charges, e ^ g = 
g — > — e. In Montonen-Olive duality this is supplemented by the exchange of the 
corresponding quantum numbers, Qe ^ Qm, implying rie n^, rim ~^ —n^- The 
latter transformation can be written in matrix form as 



\ _^ / 1 W ne 
rirr, } V -1 / V n„ 



(2.29) 



It is thus natural to generalize the duality symmetry to the set of transformations gen- 
erated by (2.26) and (2.28) with arbitrary 9. The resulting group of transformations 
is SL(2,Z) acting projectively on the parameter r 

T — > + b a,b,c,dE'Z, ad — be — 1 . (2.30) 
CT + d 

The corresponding action on the quantum numbers He and rim, generated by (2.27) 
and (2.29), is 

7 )(::)• (-^) 

One can then easily check that the mass formula, written in terms of r as 



is invariant. 



„^>w(„.,».)i^ 1 (2.32) 



2.4.2 S-duality in J\f=4 supersymmetric Yang— Mills theory 

The general properties of the Af—A supersymmetric Yang-Mills theory previously 
discussed allow to give an intuitive explanation of why it is considered the original 
example of a theory possessing exact S-duality. In the Coulomb phase for each 
scalar with non- vanishing vev the same construction leading to the 't Hooft-Polyakov 
monopole (see the appendix) can be carried on. As a result the classical spectrum 
contains monopoles and dyons as well. Unlike the case of the Georgi-Glashow model 
the finiteness of the theory makes the semiclassical analysis of the spectrum sensible 
even at the quantum level. Moreover the theory has the correct number of fermions in 
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the adjoint representation to give spin one dyon/monopole configurations through the 
mechanism sketched in section B.3. More precisely, in the case of a SU(2) gauge group 
being discussed here, creation and annihilation operators and a^^, with i — 1,2, 
associated with the fermionic zero modes can be defined so that the spectrum of 
zero-energy states, in the charge-one monopole sector, consists of the following states 
[64] 



State 


Spin (S,) 


\n) 







H 







If 2t 
(l_ (t^ 




1 


If 2t 

a J a J 


Q) 


-1 


If 2t itir>\ 
\ \L) 




If 2t It 2tir)\ 
a_,_ a_,_ a_ a_ \u) 






where |Q) is the magnetic charge-one Clifford vacuum. The multiplet generated in 
this way contains sixteen states: eight bosons (six spin scalars and two spin ±1 
vectors) and eight spin ±| fermions. As a result the spin quantum numbers of the 
monopole multiplet exactly match those of the multiplet of elementary fields. 

Furthermore in extended supersymmetric theories the Bogomornyi bound comes 
as a consequence of the supersymmetry algebra, so that it holds in the full quantum 
theory. In supersymmetric models a vanishing scalar potential in correspondence of 
non trivial scalar field configurations is perfectly natural because of the presence of 
flat directions. In the case of A/'=4 super Yang-Mills this scalar field configuration 
corresponds to a generic point of the Coulomb phase. 

The relation of the BPS limit with the supersymmetry algebra is better under- 
stood in the A/'=2 case. The A/'=2 supersymmetry algebra possesses two central 
charges which are related to the magnetic and electric charge operators of the theory 
[65]. Using a Majorana notation, the M=2 algebra contains the anticommutator 
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where the central charges have been denoted by and V^^. By expressing and 
in terms of the fields of the theory Ohve and Witten have proved the relations 

where Qe and Qm are the electric and magnetic charge operators respectively, that 
generahze those in equation (2.23). In the previous equation — (tr (5'^)) + (tr (P^)), 
where S and P denote the complex Higgs fields of the model. As a consequence of 
this relation the Bogomol'nyi bound follows directly from the supersymmetry algebra 
because of the positive definiteness of the operator {Q, Q} in the rest frame. 

In the N'—A case the situation is more involved because there are twelve central 
charges. Correspondingly there are six electric and six magnetic charge operators 
associated to the six scalars, of the N'—A multiplet 



Ql = - j da-irinA , (2.33) 



where v'^ — X]i=i(^^ )■ '^^^ Bogomol'nyi bound reads 



and can be saturated only by states annihilated by exactly one half of the super- 
charges. The BPS states which saturate the limit correspond to short multiplets of 
the J\f—A superalgebra and for this reason are protected in the full quantum theory. 
The mass of the BPS states is completely determined by their electric and magnetic 
quantum numbers and is exact because supersymmetry is preserved at the quantum 
level. 

All the BPS states in the spectrum can be displayed on six two-dimensional lattices 
(one for each couple of charges Ql and Q^) and lie at points of coordinates 

^ ^ ^ f ee\ 47r 

Q = Qe + iQm = [nee + 1 + irim— ■ 



Supersymmetry implies that the BPS states in the spectrum can only decay into 
a couple of BPS states, so that a generic state of mass m is unstable if and only if 
there exist BPS states of masses mi and m2 such that 

m> 1711+ 777.2 ■ 
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Figure 2.1: Lattice of BPS states 



It immediately follows that stable BPS states are all and only those which have 
integer quantum numbers rig and rim that are coprime. These are the states marked 
by empty circles in figure 2.1, while the full circles denote unstable states. 

Thanks to the fact that the BPS states are protected by supersymmetry in the 
J\f=4 theory a semi-classical analysis of the spectrum is sensible at the quantum level 
as well. Some arguments supporting the conjectured S-duality of the A/'=4 super 
Yang-Mills theory based on the moduli space approximation are briefly reviewed in 
the next subsection. 



2.4.3 Semiclassical quantization 

In appendix B it is discussed how to construct a classical solution of the equations of 
motion describing a monopole in the Georgi-Glashow model, the aim of this section 
is to show how the semiclassical quantization of the monopole solution can be used to 
study the spectrum of the model [63, 66]. The notion of collective coordinates will be 
introduced starting with the 't Hooft-Polyakov monopole and then the semiclassical 
quantization will be applied to the Af—A super Yang-Mills case. A readable review 
of these topics is provided by [67] . 

In the BPS hmit the monopole solution satisfies the Bogomol'nyi equation Bf — 
Di^"^ (i = 1, 2, 3, a = 1, . . . , dimG). Given a field configuration solving this equation 
in general one can find a multi-parameter family of solutions with the same energy. 
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The parameters labeling the degenerate solutions are called moduli or collective co- 
ordinates of the monopole and the corresponding space moduli space. 

For the 't Hooft-Polyakov monopole described in appendix B three collective coor- 
dinates are associated with the translational invariance of the Bogomol'nyi equation. 
Given a solution (^4^ "(x), the field configuration 

Af%x + X), + (2.34) 

where X is a constant vector, still satisfies the equation and has the same energy 
(and magnetic charge). Thus the three coordinates X arc moduli. 

A fourth collective coordinates is related to gauge transformations. Gauge invari- 
ance implies that the functional space of physical field configurations is 

c^A/g, 

where A = (A", $") and Q is the group of "small" gauge transformations, i.e. gauge 
transformations that do not reduce to the identity at spatial infinity. "Large", or 
"global", gauge transformations which do not approach the identity at infinity are 
true symmetries of the theory and so field configurations related by large gauge trans- 
formations are inequivalent. The BPS solution for the 't Hooft-Polyakov monopole is 
symmetric under the diagonal S0(3) subgroup of SO(3)rxSU(2)g, where S0(3)r is 
the group of spatial rotations and SU(2)g the group of large gauge transformations, 
but it is not invariant under SU(2)g- As a result by acting with the U(l) subgroup 
of SU(2)g that is not broken in the Higgs vacuum one generates a new solution with 
the same energy, so that the fourth collective coordinate is associated with the U(l) 
group of global 'electromagnetic' transformations. By letting X depend on time one 
describes a moving monopole, (Af^-^x+Xlt)), ^^^°'[x-\-X[t))). Since the Hamiltonian 
for the system in the temporal gauge = is 

H = T + V = ^J d^x, ^A'^A'^ + + ^Jd^x, [B1B\ + A$"^*$a] 

— * 

the time dependence of X generates a non vanishing electric field so that the kinetic 
energy increases while the potential energy remains constant. This is a general feature 
of a motion in the moduli space. One can then consider a general deformation of a 
BPS monopole in the Aq — Q gauge 



5A1{x,t), 5$"(f,i) 



(2.35) 
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To keep the potential energy fixed (2.35) must satisfy the hnearized Bogomol'nyi 
equation 

SijkD^SA^ - DiS<^ + e[SAi, $^'] = 
and the Gauss law constraint 

Di5A' + e[$"\ 5^ = 
The general solution can be written in terms of a single function of time x(t) 

5$ = (2.38) 
6Ao = Do{xm'')-x{tW'- 

If X is taken to be constant and {SA^, 5$") does not contain a translation Sx — x + X, 
the deformation reduces to a large gauge transformation, so that x is identified with 
the fourth collective coordinate. For x ^ a non-vanishing kinetic energy is gen- 
erated. Moreover x is periodic since it parameterizes a compact U(l) (it is a sub- 
group of SU(2)g), therefore the moduli space with coordinates {X, x) is topologically 

The previous construction of the moduli space can be generalized to a charge k 
monopole solution. A rigorous derivation of multimonopole solutions is quite involved 
[68], the resulting moduli space Alfe is 4/c-dimensional and roughly speaking the 
Ak collective coordinates correspond to the locations of the k monopoles and their 
dyon degrees of freedom. On physical grounds the existence of multimonopole BPS 
configurations is related to the fact that the repulsion between monopoles of the same 
charge can be compensated by an attractive interaction mediated by the massless 
Higgs field, thus allowing the construction of static configurations. 

For a charge k monopole deformations {SaA^, Sa^"'), with a — 1, . . . ,k, satisfying 
the linearized Bogomol'nyi equations and the Gauss law constraint define tangent 
vectors to M.k- Given the tangent vectors the standard metric on M.k can be con- 
structed as 

Qap = - j d'x tr {SaASpA' + 6a^6f3^) . (2.39) 

This metric is actually induced by the form of the action for the gauge theory in C 
as can be seen by writing the monopole solution as Af{x, Za), ^^^{x, Za), where ZaS 



(2.36) 



(2.37) 
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denote the moduli. The tangent vectors {SaAi, 6^^) are calculated by differentiating 
with respect to the Za- In general one has to include a gauge transformation to ensure 
that {SaAi, are tangent to the moduli space of physical fields, i.e. that the fields 
A\ = Af + SaAiSz"', = ^""^ + Sa^Sz"^ belong to the space C. The general form of 
the tangent vectors is 

where ea{x, z^) is a suitable gauge parameter that is fixed by requiring that the lin- 
earized Bogomol'nyi equation (2.36) and the Gauss law constraint (2.37) be satisfied. 
The action of the theory on the BPS configuration is then obtained after substituting 

A,{x,t) Af(f,z"(i)) 

Ao z^(t)e^ (2.40) 
^x,t) — > $^i(f,z"(t)) 

and reads 

d^xdt ti (FotF*) = J dtg^pi'^z^ - . (2.41) 

The action (2.41) is the starting point for the semiclassical quantization which is 
achieved by studying the corresponding quantum mechanics. 

— * 

In the k — 1 case the moduli are z°' — {X, x) and the action becomes 



S^^ I dt 



4:7TV '-p- 4:TT n 

X +— 

e ve^ 



. (2.42) 



The resulting wave functions are plane waves 

with Tie e Z, and one can compute the electric charge, Qe — —ied^, so that the 
quantum mechanical system possesses an infinite tower of states with Qg — n^e. For 
the mass of these states one gets 

m = + ^ ~ ^[^e + Qm] , 

showing that the Bogomol'nyi bound is saturated. 
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The preceding arguments can be extended to the case of the N'—A super Yang- 
Mills theory to find stronger evidence for the exact S-duality of the model. In order to 
be able to use the previous considerations the simplest case will be considered, namely 
the gauge group will be taken to be G=SU(2), broken by the vacuum configuration 



The perturbative states in the bosonic sector of the theory, labeled by quantum 
numbers {rim, ^e) consist of a massless photon multiplet with charge (0, 0) and massive 
W± boson multiplets with charge (0, ±1). The tower of stable BPS states predicted 
by S-duality have charges (/, k) (with / and k coprimes) and can be studied within 
the framework of semiclassical quantization since they can be put in correspondence 
with certain geometric structures on M.k- Then the non-renormalization properties 
of the theory make the semiclassical result reliable in the full quantum theory. 

In the Georgi-Glashow model M.k is parameterized by Ak collective coordinates 
which are bosonic zero modes. In the J\f=A supersymmetric Yang-Mills theory there 
are fermionic zero modes as well in the monopole background and the index theorem 
of [71] shows that the number of such zero modes in the charge k sector is precisely 
4k. As a consequence the moduli space has fermionic coordinates too and the low 
energy ansatz to be substituted into the Bogomol'nyi equation is given by (2.40) 
supplemented by 



for the Weyl spinors in the monopole background. In equation (2.43) the ansatz 
for the spinors X{x, t) has been schematically written as the product of a c-number 
^^^{xjZa) satisfying a zero mode equation in the monopole background and a time 
dependent fermionic collective coordinate ip{t). The zero modes can be shown to 
constitute a short multiplet preserving half of the supersymmetries just like is ex- 
pected for BPS states. The exact ansatz for the fields is rather complicated and was 
discussed in detail in [69]. A technically involved computation allows to derive the 
quantum mechanical action to be employed in the semiclassical analysis. The action 
reads 



(2.43) 
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where a Majorana notation is used. In (2.44) Dt'ip"' — ip°' + V'^^z^ij)'^ is the covariant 
derivative, with F^^ the Christoffel symbols of the metric Gai3-i a-nd Ra/s-yS is the 
corresponding Riemann tensor [69] . It can be shown that thanks to the fact that the 
monopole moduli space is a hyper-Kahler manifold, S in equation (2.44) is invariant 
under the action of eight real supercharges. The quantization of the supersymmetric 
quantum mechanics (2.44) was performed in [70], where it was shown that the states 
can be put in one to one correspondence with differential forms on A4k and the 
Hamiltonian of the system H can be expressed in terms of the exterior derivative 
acting on forms. This construction leads to a basis of sixteen independent forms 
that are eigenstates of H in the rim — k — 1 sector. These states constitute a BPS 
multiplet as can be verified by a computation of the corresponding quantum numbers. 
The complete wave functions contain a plane wave factor from the bosonic sector of 
the form ^^p-^ e^'^'^x go that again one finds a tower of states with Qe = + |f ■ These 
states all saturate the Bogomol'nyi bound and therefore are exactly those predicted 
by S-duality. 

For Um — k > 1 the problem is much more complicated. The moduli space is 

where Ai^ is a 4{k — l)-dimensional hyper-Kahler manifold. The states arc tensor 
products of forms on x with forms on Ai^, \s) = \uj,ne) ® |«) ^. The forms 
I a) can be proved to be unique and much in the same way as in the k = 1 case there 
are sixteen forms \uj,ne) for all k that give rise to a BPS multiplet. The resulting 
states carry electric charge Qe = rieC + and saturate the Bogomol'nyi bound. 

The unique form \a) for the case k = 2 has been explicitly determined by Sen in [72]. 
Arguments suggesting a possible generalization to k > 2 were given in [73] . 



^ There are actually further subtleties related to the identification. 



Chapter 3 



Pert ur bat ive analysis of AT = 4 
supersymmetric Yang— Mills theory 



As discussed in the previous chapter, the supersymmetric Yang-Mills theory 

has been proved to be finite at the perturbative level up to three loops and strong 
arguments have been proposed in order to extend this result to all orders and even 
non perturbatively. For this reason the theory has long been considered to be rather 
trivial. However recent developments, within the context of the correspondence with 
type IIB superstring theory on anti de Sitter space, that will be studied in the final 
chapter, have shown that it is actually an extremely interesting superconformal field 
theory, possessing very peculiar properties. 

Even in perturbation theory a careful analysis allows to point out various problems 
mostly related to the choice of gauge. Both in the component field formulation and 
using H—l superfields the gauge fixing procedure appears very subtle. As will be 
discussed in detail in both cases one finds divergences in off-shell Green functions. 

In the component formulation the propagators of the elementary fields are ul- 
traviolet divergent in the Wess-Zumino (WZ) gauge and these infinities are exactly 
cancelled when the contributions of the gauge-dependent fields, that are put to zero 
in the WZ gauge, are taken into account. The choice of the WZ gauge, that is 
almost unavoidable in explicit computations, introduces divergences that require a 
wave function renormalization. This is a general result that applies to theories with 
less supersymmetry as well, but appears particularly dramatic in the H—^ case be- 
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cause the theory is finite, so that the divergences cannot be reabsorbed through a 
redefinition of the bare parameters. 

Different problems emerge in the formulation of the theory in terms of jV=l super- 
fields. Almost all the calculations showing the vanishing of the quantum corrections 
to two- and three-points functions that are presented in the literature were performed 
in the supersymmetric generalization of the Fermi-Feynman gauge {a—1 in the no- 
tation of section 1.6). With a different choice of gauge two and three point functions 
develop infrared singularities of difficult interpretation, leading to the result that the 
choice a—1 is somehow privileged. This conclusion was proposed for the first time 
in [74] and then it was discussed in the case of the N'—A theory in [75] ; however no 
possible explanation was proposed. Unhke those of the elementary fields the correla- 
tion functions of gauge invariant composite operators, that play a crucial role in the 
correspondence with AdS type IIB supergravity/superstring theory, should not suffer 
from problems related to the gauge fixing. 

Also, it will be discussed, in the superfield formulation, the effect of the intro- 
duction of a mass term for the chiral superfields, which breaks supersymmetry from 
N'—A down to It will be shown that this deformation of the model does not 

modify the ultraviolet properties of the original theory. This result was first proposed 
in [76], where it was proved that the inclusion of mass terms for the (anti) chiral su- 
perfields does not generate divergent corrections to the effective action. It will be 
argued that this statement can be reinforced, showing that, at least at one loop, no 
new divergences, not even corresponding to wave function renormalizations, appear 
as a consequence of the addition of the mass terms. This result supports the claim 
put forward in [77, 78], where the 'mass deformed' M—^ theory was proposed as a 
supersymmetry-preserving regularization scheme for a class of H—1 theories. It will 
also be argued that the same approach should work in the case of M—l theories. 

All of this problems are examined in detail in this chapter. Section 3.1 deals with 
the difficulties introduced by the choice of the Wess-Zumino gauge when the com- 
ponent formalism is used. The subsequent sections report calculations performed in 
the ^"=1 superfield formalism of two-, three- and four-point functions. The material 
presented in this chapter is an original and systematic re-analysis of the perturbative 
properties of M—^ supersymmetric Yang-Mills theory, the treatment follows closely 
[79]. 
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3.1 Perturbation theory in components: problems 
with the Wess— Zumino gauge 

Throughout this chapter calculations will be carried on in Euclidean space-time and 
unless otherwise stated the gauge group will be taken to be S\J{N) . To discuss per- 
turbation theory in components in this section the formulation of equation (2.11), 
with a SU(3)xU(l) subgroup of the SU(4) R-symmetry group manifest, will be em- 
ployed. To correctly deal with the lower components of the vector superfield V, that 
are put to zero in the Wess-Zumino gauge, it is however useful not to eliminate the 
auxiliary fields F and D through their equations of motion, but rather keep them in 
the action: in the computation of Green functions the corresponding x-space prop- 
agators are simply (5-functions. The complete expression for the vector superfield V 
was given in equation (1.24) and contains beyond the physical fields, A/j^ and A, and 
the auxiliary field, D, the 'gauge-dependent' fields C, x ^-^d S. Note that the scalar 
field C and the spinor x have "wrong" physical dimension, resulting in non standard 
free propagators, as will be shown. The non Abelian field strength superfield Wa is 

^ oo 

= —DDe-^'D^e'' = ^ W^'^ , (3.1) 

where 



k=l 



Wi'^ = --DDD^V 

(3.2) 

W^i^) = -DD[V,D^V] 

and the terms wi''\ with A; > 3, contain k factors of V and vanish in the WZ gauge. 
The Euclidean action in J\f—1 superfields can be written 

where the gauge fixing term has been included, whereas no ghost term is displayed 
since it will not be relevant for the computations to be discussed in this section. In 
equation (3.3) the dots denote terms of higher order in V ^ which do not contribute 
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to the Green functions that will be considered and that will be suppressed from now 
on. In the following calculations the Fermi-Feynman gauge, a—1, will be used. With 
this choice one obtains ^ 



s ^ 1-tT I d^xd^e 

dr 



+ 



m 



where from the definition (3.2) it follows 



9b + 



(3.4) 



The explicit form of Wa^ will not be necessary for the moment (see however equation 
(3.18)). Expansion of the action in components using the complete expression of V 
gives 

S — Sq-\- Sint ■ 



The free action 5*0 comes from the terms —VOV and and reads 

So = J d'x { [{d.^fWipi) + + FfF^^ + [Sins 



(3.5) 



The interaction part Si^t contains an infinite number of terms. The propagators of 
the fermion ip and of the scalar (f belonging to the Af—1 chiral multiplet will now be 
computed at one loop. The terms that are relevant for these calculations come from 
the expansion of ^^V^ and in the superfield action. The latter generates 

tadpole type diagrams in the propagator {(p^(fi), but not in (ipip). The interaction 



^From now on the superscript E will be suppressed. Euclidean signature is understood unless 
otherwise stated. 
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part of the action to be considered is 
'S'int = J d'^x S^igfabc 



a\ obicl 



+ 



V2 



_V2 . 

gl 9jabc 
~^fabef cd 



JJK 



I it 



2 
2 



(3.6) 



The quadratic part of the action, 5*0, can be written in a more compact form intro- 
ducing the notation 



C^x) 



A"(a;) 



(3.7) 



so that 



•^o = y'rf^x{[(a,^f)(avD + ^>'^(5.^a) + ^;'^i 



+ 



+ 



(3.8) 



where 



M=- 



-□2 -□ 

-□ 



1 

"=2 



I Da^S^ -□ \ 
□a'^a^ -□ 
-□000 
\ -□ / 



(3.9) 
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Inverting the kinetic matrices M and N one gets the free propagators. Prom (3.9) it 
follows 



M 



-1 



□ 

\5 -V 



jv-i 











1 


\ 













1 




1 




















~n 






□ 






1 


□ 




v 





□ 





so that the free propagators are 
J,b I, a 



(3.10) 



□ 



{S'^\x)Sa{y))iree = ^^S{x - y) = 2A^(a; - y) 



b a 



{C\x)DMree = - y) = A^(x - y) 



{D\x)Da{y))iree^-SlS{x-y) 



J,b 



/, a 



{Fi\x)FMhee^6!j6l6{x-y) 



li,b 



u, a 



free 



^^''^'-6{x-y) = A'(x-y) 



□ 



a, b 






-X- 











►- 










a, 



{X'"'{x)\^aiy))tee = ^S{x - y) = R^^^ {x - y) 



□ 



{\'\x)K{y)h..^^-^^^5{x-y) 
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In conclusion beyond the ordinary propagators for the physical fields, (p, ip, X and 
Afj,, and those for the auxiliary fields, F and D, one further obtains the propagators 
(S^S), (CD), (xA) and (X'^). The latter are not present in the Wess-Zumino gauge. 



3.1.1 One loop corrections to the propagator of the fermions 
belonging to the chiral multiplet 

The one-loop correction to the propagator of the fermions in the chiral multiplet 
is the simplest to compute. In the WZ gauge there are three contributions at the one 
loop level, that will be shown to lead to a logarithmically divergent result. 

Prom the action (3.5), (3.6), with C—x—S—0 one obtains the following three 
diagrams 





rAx) - < > > ^l{y) Cfj{x-y) 



The three contributions depicted above can be easily evaluated and give the results 
AtT\x-,y) = -\g^f\ffranjd'x,d'x,[K;{x,-x,)\sT\x-x,)al^^ 

.:sir(-.-xo^v^f"(-i-y)]}, (3.11) 
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■ Sf/{x - x,)S-^^{x, - x,)stT''{x, - y)] } , (3.12) 

Ctr\x-y) = -g^hJfirrrjd'x,d^X2[Afdx2-x,)- 

■ Xk\^ - ^2)S;^ix, - x,)slf\x, -y)]]. (3.13) 
Taking the Fourier transform one obtains 

where 



In conclusion the one-loop correction to the fermion propagator in the Wess-Zumino 
gauge turns out to be logarithmically divergent 

Equation (3.14) shows that a logarithmically divergent wave function renormalization 
is required in the WZ gauge. 

This divergence will now be proved to be a gauge artifact due to the choice of the 
WZ gauge. In fact if the fields C, x ^-^d S arc inchidcd two further contributions 
must be taken into account, which correspond to the diagrams 

^liy) Dfj{x;y) 
i^iiy) Efj{x-y) 



/ 



d^k 



C^^Yik + ifik-i) 



. (3.14) 




74 



Chapter 3. Perturbative analysis o/A/" = 4 SYM theory 



The contribution of these two diagrams exactly cancels the divergence in equa- 
tion (3.14) giving a net vanishing one- loop result for the propagator. In fact the 
computation of D and E gives 

■ sTk\x - X2)<, (af - xO) S:f\x, - y)] } , (3.15) 

Etr\x-y)^Dtr\x-y). 

In momentum space one has 
In conclusion summing up all the terms gives 

= Atr'ip) + Btr\p) + c^r\p) + Dtr'ip) + Etr\p) = o , (3.16) 

so that the one-loop correction to the {ipip) propagator, if the Wcss-Zumino gauge is 
not exploited to perform the calculation, is zero, as expected in A/'=4 super Yang- 
Mills theory. 

Notice that the insertion of tadpoles such as 



(Tk 



in a diagram gives a vanishing result because all the propagators are diagonal in 
colour space, so that the tadpole contains a factor 5abf'^'^ = 0. The same is true also 
for diagrams in jV^l superspace that will be discussed in subsequent sections. 

3.1.2 One loop corrections to the propagator of the scalars 
belonging to the chiral multiplet 

The calculation of the propagator (v?V) is more complicated because more diagrams 
are involved. In particular tadpole type graphs, coming from the term $ty2^ -^^ ^j^g 
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action, are present. However the result is analogous to what was found for the {ipip) 
propagator: in the WZ gauge the one-loop correction is logarithmically divergent, 
requiring a wave function renormalization, but when the contributions neglected in 
the WZ gauge are considered the total one-loop result is vanishing. 



The diagrams contributing to ((/^V) the one- loop level in the Wess-Zumino 
gauge are the following 
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DD 

The last three diagrams are all tadpole corrections since the free propagators for the 
auxiliary fields F and D are (5-f unctions, so that the corresponding lines shrink to a 
point. Each of these diagrams is quadratically divergent. There is also a quadratically 
divergent contribution coming from the two diagrams B{x,y) and C{x,y) and the 
sum of all these terms exactly vanishes. The sum of the previous diagrams gives a 
final result that is logarithmically divergent and in momentum space is schematically 
of the form 

Just like in the case of {ipip) this divergence corresponds to a wave function renor- 
malization for the field ^{x). 

Taking into account the contribution of the fields C, x ^'^^ ^ there are eight more 
diagrams to be calculated 
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SS^ 



'Pji^) 



,__V-. 



Single diagrams contain quadratically divergent terms that cancel in the sum leav- 
ing a total contribution that is again logarithmically divergent. This non- vanishing 
correction is exactly what is needed to cancel the divergence in (3.17). As a result 
the complete one-loop correction to the ((/?V) propagator is zero, whereas in the 
Wess-Zumino gauge a wave function renormalization is required. 

Notice that the situation induced by the choice of the WZ gauge is a feature 
common to every supersymmetric gauge theory, since the contribution of the gauge- 
dependent fields C, X ^iid S is in general logarithmically divergent. However in theo- 
ries with less supersymmetry a logarithmic wave function renormalization is usually 
necessary in any case, so that this effect is completely irrelevant. On the contrary 
it becomes important in the J\f—4: Yang-Mills theory and in general in finite theo- 
ries. Of course the divergences encountered here are gauge artifacts and disappear 
in gauge invariant correlation functions. Examples of computations of correlators of 
gauge invariant operators, in which the choice of the WZ gauge does not lead to this 
kind of problems, will be considered within the discussion of the correspondence with 
AdS type IIB superstring theory in the final chapter. Note also that the divergences 
encountered in the propagators are zero on-shell. 

The calculations described here seem to suggest the possibihty of constructing 
improved Feynman rules in which the effect of the gauge dependent fields, neglected in 
the WZ gauge, is dealt with by a suitable redefinition of the free propagators. However 
this program proves extremely complicated when the propagators of fields in the 
vector multiplet or three- and more-point functions are considered. The calculation 
of these correlation functions requires, already at the one-loop level, many other 
terms to be included in the action S'lnt- In particular terms coming from 
and W^'^^W^'^^ must be considered. The calculation of W^'^^ without the simplifications 
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introduced by the Wess-Zumino gauge is rather lengthy and gives 



+ 



(3.18) 



Substituting (3.18) into 5'int results in a number of relevant interaction terms of the 
order of 100, making this formulation totally impractical in explicit calculations. In 
conclusion perturbation theory in components requires almost unavoidably the WZ 
gauge, but the latter introduces divergences in gauge dependent quantities. In the 
following sections the superfield formalism, that allows to avoid these problems, will 
be employed. However as will be shown new difficulties related to the gauge fixing 
emerge. 



3.2 Perturbation theory in A/^=l superspace: prop- 
agators 

The difficulties encountered in the previous section in the calculation of gauge depen- 
dent quantities, because of the divergences introduced by the Wess-Zumino gauge, 
can be overcome using the M—\ superfield formulation of the model. 

In chapter 2 it has already been pointed out how the M—\ superfield formalism 
has proved to be a powerful tool in the proof of the finiteness of the theory up to 
three loops. In this approach there is no particular difficulty in working without fixing 
the WZ gauge. If one does not choose to work in the WZ gauge the action is non 
polynomial, however a finite number of terms is relevant at each order in perturbation 
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theory, so that only at very high order the Wess-Zumino gauge introduces significant 
simphfications. The aim of this section is to show that there are other subtleties 
related to the gauge fixing, even if one does not work in the WZ gauge. 

The formulation of the theory in J\f—1 superspace that will be employed is a 'mass 
deformed' version of that given by equation (2.10). In other words the action that 
will be considered is that of equation (2.10) plus mass terms for the (anti) chiral 
superfields 



^mSuKi^,O,0)^'%x,0, 0)6(0)+ 



^ - J d^xd^0 

+]-rrf5''^^]{x, 0, 0)^^ja{x, 0, 0)5(0) 



2 



(3.19) 



The addition of this term to the action breaks supersymmetry down to A/'=l. In [76] it 
was argued, by means of dimensional arguments, that this term should not affect the 
ultraviolet properties of the Af—A theory. More precisely the statement of [76] is that 
no divergences appear in gauge invariant quantities, so that no divergent contribution 
to the quantum effective action is generated perturbativcly. As a result the model 
obtained in this way would be an example of a finite A/'=l theory. The inverse 
construction, in which one deforms a A/'=l model to J\f=A super Yang-Mills plus a 
mass term, has been proposed in [77, 78] as a regularization procedure preserving 
supersymmetry. The calculations presented in this section will show that in the 
presence of the term (3.19) no divergence is generated, at the one-loop level, in the 
two-, three- and four-point Green functions that are computed. The results presented 
suggest the possibility of reinforcing the conclusions of [76] ; namely the J\f—4 theory 
augmented with (3.19) appears to be finite in the sense that no divergences appear 
in the total n-point irreducible Green functions, at least at one loop. In particular no 
wave function renormalization is required. Notice that this result is what is actually 
necessary for the consistency of the approach advocated in [77, 78] . 
The complete action is ^ 

S = J d^xd^0 i^V''(x,0,0)[-aPT - ^(P, + p^)a]Va(x,0,0)+ 
+<!>^';(x,0,0)<!>i(x,0,0) - ^m6ij^i(x,e,e)<l>'%x, 0,6)6(0) + 
~mS''^^''j(x, 0, 0)^^ja(x, 0, 0)5(0) + igfabc^^](x, 0, 0)V\x, 0, 0)- (3.20) 



^In the foUowing the mass parameter m will be taken to be real for simplicity of notation. 
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■^"'{x, e, 9) - ]^9^fab'hcd^^]{x, e, 9)v\x, e, e)v'{x, e, ^)$^''(a;, e, e) + 
—gfabc W {D^v\x,e,e))\ v\x,9,e) {D^v'^{x,9,e)) + 



g'fab'fecdV''{x,9,9) {D-V\x,9,9)) [(^d\'{x,9,9)^ {D^V''ix,9,9)) 



+ 



V2 



+ ...- y^gr'^ [eijK<^i{x, 9, 9)<^iix, 9, 9)<^^{x, 9, 9)6{9) + 



+ e'-'^'^^iaix, 9, 9)^^jb{x, 9, 9)^^Kc{x, 9, 9)S{9)] + {c'a{x, 9, 9)C%x, 9, 9)+ 
-C^{x,9,9)C''{x,9,9)) + ^gfabc (c"'{x,9,9) + c'\x,9,9)) ■ 
■V^ix, 9, 9) {C%x, 9, 9) + C\x, 9, 9)) - ^g^ fab' feed (c'%x, 9, 9) + C'\x, 9, ^)) • 
■V\x, 9, 9)V'{x, 9, 9) (C'^{x, 9, 9) + c\x, ^, + . . . | , (3.21) 



where the dots stand for terms that are not relevant for the considerations of this 
chapter. 

Notice that in the action (3.21) a gauge fixing term corresponding to a family 
of gauges parameterized by « = | has been introduced. It will now be shown, by 
explicitly computing the propagators of both the chiral and the vector superfields, 
that the super symmetric generalization of the Fcrmi-Feynman gauge, corresponding 
to a = 1, is somehow privileged (see also [75, 80]), since any other choice of the 
parameter a leads to infrared divergences in Green functions. 



3.2.1 Propagator of the chiral superfield 

The propagator of the chiral superfield is the simplest Green function to compute. 
The calculation will be reported in detail in order to illustrate the superfield tech- 
nique. 

It follows from the action (2.10) that there are three diagrams contributing to the 
propagator ($$^^) at the one loop level. The one-particle irreducible parts of these 
diagrams will be directly evaluated in momentum space using the super Feynman 
rules of section 1.6. The convention employed is that all momenta are taken to be 
incoming. The diagrams are the following 
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VV 




A{z; z') 



B{z-z') 



VV 




C{z-z') 



where z = {x, 9, 6) and the notation for the internal propagators is 



/, a 



J,b 



($«^(^)$7(y))free = S'jS^,^^5s{z - Z') 



{V%z)V,{z')),,^ = + {a- l)(Pi + P2)Mz - z') 

Pi and P2 in the {VV) propagator are the projectors (1.63). Moreover in the presence 
of mass terms for $ and there are free propagators ($$) and ($^<l>^), that will 
enter the calculation of the vector superfield propagator at one loop 



/, a 



m 



4 □(□ + m2) 



Ss(z - z') 



/, a 



{^f{z)^lj{z')),,^. 



m 



4 □(□ + m2) 



Using these free propagators and the rules of section 1.6, with the vertices read 
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from the action (3.21), the three contributions can be evaluated as follows 



A(p) = 

4 ^ 



4 V (p-fc)2 + m2 



1 + 



^{DfDl + DlDl)) 



«(1,2) 



igfefb^''{-p,02,02)}, 



where 7 = (a — 1) and the compact notation 5(1, 2) = ^2(^1 — ^2)^2(^1 — ^'2) has been 
introduced. The computation uses the properties of the 5-function, which imply for 
example [23, 4] 



D,J{1, 2) = -(5(1, 2)L'2a , D^J{1, 2) = -5(1, 2)L'2d , 



-;^2 



N^2* 



L'iaL'i„5(l, 2) = 5(1, 2)L»2^L>2a , /5i^!5(l, 2) = 5(1, 2)^2^2 ^ 

and integrations by parts on the Grassmannian variables in order to remove the D 
and D derivatives from one 5, so that one 9 integration can be performed immediately. 
In this way one obtains an expression that is local in ^ as is expected from the J\f—1 
non-renormalization theorem. For A(p) one obtains 



A{p) 



d%d% 



(27r)4^ A;2[(p-fc)2 + m2 

•$"•^(-^,2) [DlDfS{l,2)] [i + j{DIdI + dIdI)S{1,2)\}^A,{p)+A2{p). 
The first term is trivially calculated using [23, 4] 



dw 



D^D^6{e - 9') 6{9 - 9') = 16 



J d^9 \p^D''S{9 - 9')] S{9 -9')^0 if (m, n) ^ (2, 2) (3.22) 



and gives 



A^{p) = -g'N{N' - 1)5,«5:^ 



d^k 



d''9 



(27r)4 A;2[(p-fc)2 + m2 



[<^>ij{p,9,9)^''{-p,9,9)] 
(3.23) 



In the computation of the second term one must use the (anti) commutators of 
covariant derivatives, see appendix A, which in particular imply [23, 4] 



(3.24) 
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Then integration by parts analogously gives 



(3.25) 



In conclusion from the first diagram one obtains two contributions, the first propor- 
tional to 7 and the second independent of it. The second diagram gives one single 
7-independent contribution. The Feynman rules give 



B{p) 



4 ' ; (p - + m2 V 4 ' 
-^]sj'^^hJ^''{-p,2) 



_|_ 



Proceeding exactly as for Ai one obtains 



B{p) = g'N{N' - l)5^,6'j 
From the last diagram one gets 



d^e 



¥^,{p,e,e)^'\-p,e,e) 

{k"^ + m?)[{p — ky + m? 



C{p) 



d% <! (-C)/-'/.e6$f(P,l)■ 



{i + ^(dIdI + dIdI)) 



k^ 



^"'{-P, 1) 



(3.26) 



The only non-vanishing contribution comes from the term in which the projection 
operators act on the 5-function, since 64(9 — 9) —0, so that 

C{p) = -^g'N{N' - l)S'j'j J ^,d'9^, (p, ^,^)$,^(-p, ^,^)} , (3.27) 

from which one sees that the C contribution is absent in the gauge a = 1, ie. 7 = 0. 

Putting the various corrections together gives the following result. The sum of 
the terms Ai{p) and B{p), which does not depend on 7, is 

d^k 



A^{p)+B{p) = g'NiN'-l)5'j'j 



(271) 



rd''9 



1 



^f{p,9,9)^i{-p,9,9) 
1 



k"^ [{p — ky + w?] {k'^ + m?) [(p — kY + m?] j 
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This is finite and exactly vanishes for m = 0, i.e. in the hmit in which the H—^ 
theory is recovered. 

The sum of the terms A2 (p) and C (p) is proportional to 7 and reads 



{p - kf 



[{p - kf + w? 



{2^Y 
1 

1 ~F 



+ 



^f{p,e,e)^i{-p,e,e) 
k^ [{p - ky + w? 



Both of the terms in the last integral are infrared divergent. The first one is zero 
in the limit m ^ 0, while the second one gives an infrared divergence that is still 
present in the N='i theory, i.e. with m = 0. More precisely putting 



A2{p) + C{p) = ^g'N{N-'-l)5% ^^^(p, ^, ^, ^) [h{p) + h{p)] , 



one has 



h 



f d^k 



{p - kf 



(27:)'^ {k'^[{p-k)^ + m^] 



d^k 



nr 



(27r)4 [ k^ [{p - kf + w?\ 
2m' l\cC ^ "^'^ 



2(47r)2 



{27rf[k2 + {p2^ + rn^){l-0f 
1 





^\pK + m'){l-0 



m 



(47r) 



1 



{p' + m') 



loge + 



m 



p'{p' + rn? 



log 



p + m 



2\ n 



where a standard Feynman parameterization has been used. Analogously 



hip) = j 



d^k 



= 2p^ / dec 

Jo 

.2 rl 



(27r)4 [ k'^ [{p - kf + m2] 
^ ' d^k 1 



P 



(27r)4 [A;2 + (p2^ + ^2)(l_^)]3 
1 



1 



{Anf 



(p2 + m') 



loge + 



m 



log 



p' + 



In the above expressions an infrared regulator e has been introduced. 

Notice that the total correction is exactly zero on-shell, i.e. for p'—w?. 
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To summarize the results, the propagator of the chiral superfields of the N'—A 
super Yang-Mills theory in Af—1 superspace is logarithmically infrared-divergent for 
any choice of the gauge parameter a ^ 1. This divergence corresponds to a wave 
function renormalization for the superfields and vanishes on-shell. In the Fermi- 
Feynman gauge a—1 the one-loop correction exactly vanishes. 



3.2.2 Propagator of the vector superfield 

The one-loop calculation of the propagator of the vector superfield is much more 
complicated, because many more diagrams are involved producing a large number 
of contributions. The final result is however completely analogous: in the Fermi- 
Feynman gauge the one- loop correction is zero, whereas infrared divergences arise 
for q; 7^ 1. In the presence of a mass term for the (anti) chiral superfields no new 
divergences are generated. 

Form a calculational viewpoint the new feature with respect to the ($$1^) case 
is that there are also diagrams involving the ghosts. There are two multiplets of 
ghosts, described by the chiral superfields C and C The free propagators for these 
superfields will be denoted by 



a 



□ 



{C''iz)C"iz')),,,, = d^,^6s{z-z') 



The ghosts are treated exactly like ordinary chiral superfields with the only differ- 
ence that there is a minus sign associated with the loops, because C and C are 
anticommuting fields [23]. 

The corrections to the (VV) propagator at the one-loop level correspond to the 
diagrams 
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cc 
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cc 




Ei{z;z'' 



CC 




E2iz;z') 



V^(z) 



vv 




F{z;z') 



G{z; z') 



The contributions Aio E are rather straightforward to evaluate much in the same 
way as the diagrams entering the ($$^) propagator. The last two graphs are more 
involved because the free propagator for the V superfield is more complicated for 
generic values of the parameter a. Moreover the cubic and quartic vertices 



16^' 



128 



lead to various terms corresponding to the ways the covariant derivatives can act on 
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gives rise to six different terms. 

Schematically the calculation goes as follows. A{p) is a contribution that appears 
because of the addition of the mass terms (3.19); it is not present in the M—^ the- 
ory, i.e. when m—Q. It is useful to discuss separately the corrections coming from 
diagrams A, B and C and those obtained from Di, Ei, F and G, since the latter 
correspond to the one-loop contribution to the vector superfield propagator in the 
H—1 supersymmetric Yang-Mills theory. 

The first diagram, ^4, is logarithmically divergent and reads 



A{p) = 3g'N{N' - l)da, 



ri^ \y''{p,e,e)v^{-p,d,d)\ 

(A;^ -|- m?)[{p — ky + m^] 



(3.28) 



For the diagram B application of the Feynman rules gives rise to three different 
contributions, one quadratically divergent and two logarithmically divergent 



B{p) = 3/7V(7V2 - l)Sab 



d^k 



d^e 



1 



(27r)4 (A;2 + m2)[(p_fc)2 + ^2 



A:V»(p, e)v\-p, e, e) - -p,<jrv<^{p, e, e) (d d'')v\-p, e,e)\ + 



+-v\p,e,e) [{D'D^)v\-p,e,e) 



(3.29) 



The tadpole diagram C gives a quadratically divergent result of the form 



C = -3g^N{N^ - 1)S' 



ab 



d^k 



d^e 



1 



(27r)4 (A;2 + m? 



{V\p,e,9)V\-p,9,e)] . (3.30) 



Summing and subtracting in the numerator of the first term in (3.29) and putting 
the three corrections A, B and C together gives a net result that is only logarithmi- 
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cally divergent 



A{p) + B{p) + C{p) 




(3.31) 



Notice that in particular the logarithmically divergent contribution proportional to 
exactly cancels out. This is crucial because this correction would correspond to 

a mass renormalization for the vector superfield that is known to be excluded in any 

gauge theory as well as in supersymmetric theories in general. 

The diagrams and are completely analogous to the previous ones, with the 

only difference that the mass does not appear in the denominators and there is a 

minus sign associated with the loops. Their sum is logarithmically divergent and 

takes the form 



All of these corrections do not depend on the gauge parameter ^—a — 1 and must 
be summed to those coming from the last two diagrams. F exactly vanishes for 
any a, so that only E needs to be considered. This diagram produces in principle 72 
corrections because the Feynman rules give rise to 18 terms (distributing the covariant 
derivatives associated with the two vertices), each of which splits into 4, since the 
free propagator itself contains two terms. Many of these contributions can be easily 
shown to vanish using the properties of the covariant derivatives. In particular one 
uses 



which follows from D — and use of the (anti) commutation relations for the 
D's. It is useful to separate in the non-vanishing part terms proportional to 7 and 
7^, from the 7-independent terms. The latter combine to give a logarithmically 
divergent correction that together with that of equation (3.32) cancel the correction 



Di{p) + b^ip) + Dzip) + E,{p) + E2{p) = \g^N{N^ - l)5ab ■ 



7 (^^'^^^(^{^^'^""''^^"^^'^'^^ [{D-D'^)v\-p,ere)\ + 




(3.32) 



d^d^d'^d^ = 0, 
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(3.31) coming from the sum A-\- B -\- C. Actually if m 7^ this sum is finite and 
exactly vanishes at m=0. As a result the only non- vanishing corrections to the vector 
superfield propagator at the one loop level come from terms proportional to 7 and to 
7^ in E{p). The former contain an infrared divergent part of the form 

but is ultraviolet finite. Furthermore there is a correction, finite both in the ultraviolet 
and in the infrared regions, proportional to 7^, that reads 

J (P) - c,^9K] j^.de ^4(^ _ 

• {[(dV)k(p,^,^)] [{D^D'')v\-p,ere)\} . 

In the previous expressions for J^^^ and J^^^ Ci and C2 are non-vanishing numerical 
constants proportional to N{N'^ — 1). 

In conclusion in the Af—A theory, i.e. when m—O, the one- loop correction to the 
vector superfield propagator, just like that of the chiral superfield, is infrared singular 
unless the Fermi-Feynman gauge, a—1, is chosen, in which case it vanishes. Like in 
the case of the chiral superfield propagator the non- vanishing 7-dependent corrections 
correspond to a wave function renormalization for the superfield V and are zero on- 
shell, i.e. for p^—O. 

The proof of the finiteness of the theory in the presence of the mass terms (3.19) 
given in [76] is based on naive power counting, which gives the superficial degree of 
divergence, dg, of a diagram in J\f—1 superspace [24] 

ds = 2-E-C , 

where E is the number of external (anti) chiral lines and C the number of or 
$t$t propagators. In [76] it is also argued that for corrections to the effective action 
involving only V superfields the requirement of gauge invariance reduces the degree 
of divergence to 

dg = -C . 

However for the purposes of [77, 78] it appears crucial that no divergences, not even 
corresponding to a wave function renormalization, are present in total n-point func- 
tions for any n. The computation of the two-point functions in this section has shown 
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that this actually the case at one loop. An argument for the generalization of this 
result to Green functions with an arbitrary number of external V lines will now be 
briefly discussed. First note that diagrams involving only vector and ghost super- 
fields are not modified by the inclusion of (3.19), so that one must only consider 
graphs containing internal chiral lines. The ultraviolet properties of diagrams that 
are only logarithmically divergent in the original Af—A theory are not modified by the 
presence of the mass in the propagators. Thus the contributions to be analyzed are 
the quadratically divergent ones, that can acquire subleading logarithmic singulari- 
ties, plus eventually new diagrams involving and propagators. The relevant 
quadratic divergences come from tadpole diagrams 




The only new diagram containing $$ and propagators that must be considered 
is 




Since all the vertices entering these graphs come from the expansion of the term 
tr [e~^$^e^$] in the action, the only covariant derivatives that are present come 
from the functional derivatives and must act on the internal (anti) chiral lines to give 
a non- vanishing result. As a consequence the loop integral in the above diagrams 
is exactly the same as for the C and A corrections to the VV propagator. Hence 
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summing to the previous diagrams the contribution of 




leads to a net logarithmically divergent correction that is exactly the same as the 
one obtained in the original M—^ theory. Like in the latter case this divergence will 
be cancelled by the contributions coming from the other one-loop diagrams involving 
V and ghost internal lines. The argument given here reinforces the results of [76], 
at least at the one-loop level, and supports the proposal, put forward in [77, 78], 
according to which the mass deformed M—^ model can be considered a consistent 
supersymmetry-preserving regularization for a class of H—l theories. 

Notice that for the previous discussion it is not necessary to consider equal masses 
for all the (anti) chiral superfields. The same results can be proved giving different 
masses to the three superfields. This can be easily understood since in each diagram 
considered in this section only one chiral/anti-chiral pair is involved, because the 
propagators are diagonal in 'flavour' space and the vertices containing vector and 
(anti) chiral superfields couple ^\ and with the same index I. Basically this 
means that the above discussed cancellations apply separately to the contributions of 
each (anti) chiral superfield. Prom the viewpoint of the dimensional analysis of [76] 
having different masses mi is irrelevant. 

As a consequence one can in particular give mass to only two of the (anti) chiral 
multiplets. This suggests the possibility of generalizing the approach of [77, 78] to 
the case of M~2 super Yang-Mills theories. A discussion of the effect of a H—2 mass 
term in M—A supersymmetric Yang-Mills theory can be found in [81]. 

3.2.3 Discussion 

The infrared divergences found in the calculation of the propagators of the chiral and 
the vector superfields are due to the fact that the vector superfield is dimensionless, 
so that it contains in particular, as its lowest component, the scalar C that is itself 
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dimensionless and hence has a propagator which behaves, in momentum space, hke 

((CC)(fc))~l. 

The contribution of the scalar C to the (VV) propagator leads to an infrared diver- 
gence whenever a diagram contains a loop involving a VV line. In the Fermi-Feynman 
gauge the problem is not present because the choice a = 1 gives a kinetic matrix of 
the form of equation (3.9) in the component expansion. The corresponding inverse 
matrix M~'^ in (3.10) shows that no (CC) free propagator is present. On the con- 
trary any choice a ^ 1 produces such a propagator, i.e. gives a matrix with 
a non-vanishing (M~^)ii entry, leading to the previously discussed problems. An 
explicit calculation in components with a ^ 1 and without fixing the Wess-Zumino 
gauge should show problems with infrared divergences analogous to those encountered 
here. These problems with infrared divergences are not peculiar of the A/'=4 super 
Yang-Mills theory, but appear in any supersymmetric gauge theory. Analogous in- 
frared divergences in Green functions have been observed in [80, 82]. The conclusion 
proposed in these papers is that there exist no way to remove the infrared diver- 
gences, so that the choice a=l is somehow necessary, at least for the computation of 
gauge-dependent quantities. 

There are two general theorems concerning infrared divergences in quantum field 
theory. The first is the Kinoshita-Lee-Nauenberg theorem [83], which deals with 
infrared divergences in cross sections. It states that no infrared problem is present in 
physical cross sections of a renormalizable quantum field theory, if the appropriate 
sums over degenerate initial and final states, associated with soft and collinear parti- 
cles, are considered. The second theorem was proved by Kinoshita, Poggio and Quinn 
[84] and concerns Green functions. The statement of the theorem is that the proper 
(one-particle irreducible) Euclidean Green functions with non-exceptional external 
momenta are free of infrared divergences in a renormalizable quantum field theory. A 
set of momenta pi, i = 1,2, ... ,n is said to be exceptional if any of the partial sums 

^Pi, with I a subset of {1,2, ...,n}, 

iei 

vanishes. The reason for the absence of divergences is that the external momenta, if 
non-exceptional, play the role of an infrared regulator in the Green functions. 

The proof of the theorem is based on dimensional analysis which does not work in 
the presence of a A propagator. In particular it fails in the case of supersymmetric 
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gauge theories in general gauges, because the adimensionahty of the V superfield 
imphes that factors of can enter the loop integrals. The apparent violation of the 
Kinoshita-Poggio-Quinn theorem can be understood from the viewpoint of the com- 
ponent formulation: supersymmetric gauge theories, being non-polynomial and thus 
containing an infinite number of interaction terms, are not formally renormalizable. 
The choice of the Wess-Zumino gauge makes the theory polynomial. In fact in this 
case no infrared divergence is found in Green functions and the general theorems are 
satisfied. However in the case of the M—^ theory the choice of the WZ gauge results 
in a change of the ultraviolet properties of the model, at least for what concerns gauge 
dependent quantities, e.g. the propagators. 

In theories with less supersymmetry, in which ultraviolet divergences are present 
the problem might seem less severe, since the subtraction of the ultraviolet infinities 
could cure also the infrared singularity. 

The infrared problems discussed here are however gauge artifacts and cannot af- 
fect gauge invariant quantities. The mechanism leading to the cancellation of infrared 
divergences in gauge independent Green functions has not been verified in detail yet, 
but can be understood starting from the super Feynman rules. When the propaga- 
tor (yV) is inserted into a Feynman graph it is connected to vertices which carry 
covariant derivatives. These derivatives come directly from the form of the action for 
vertices involving only V fields and from the definition of the functional derivatives 
for vertices involving (anti) chiral superfields. The situation in diagrams for gauge in- 
variant quantities is such that at least one covariant derivative can always be brought 
to act on the V propagator by integrations by parts. In this way an additional factor 
of the momentum k is generated in the numerator. More precisely for the infrared 



problematic term -^{D D'^ ^ D^D )5^{9 - 9') one gets 




and 




A rigorous and general check of this mechanism in gauge invariant Green functions 
has not been achieved yet. 
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3.3 Three- and four-point functions of J\f=l super- 
fields 

The computation of Green functions with three and four external legs will now be 
considered. Prom now on the Fermi-Feynman gauge will be fixed. The three-point 
functions should in principle suffer from infrared problems of the kind encountered 
in the preceding section. This claim will not be studied here since the calculation 
with q; 7^ 1 is awkward, even at the one-loop level, because of the huge number of 
contributions. Four-point functions on the contrary should be infrared finite, because 
they are directly related to physical scattering amplitudes. Notice, however, that in- 
frared divergences in the Green function with four external V lines were found in [82] . 
In that paper beyond the infrared singularity, it was shown that the adimensional- 
ity of the superfield V implies that it requires a non- linear renormalization, i.e. the 
renormalized field Vr is a non-linear function of the bare field V 

Vr = f{V) . 

An example of three-point function will be briefly discussed here and then the 
more interesting case of a four-point function will be studied in greater detail. 

3.3.1 Three-point functions 

The simplest three point function to consider corresponds to the correction to the 
vertex £/ j^tr (^-^ (or £^"^^tr ) , which is determined by one single 

diagram at the one loop level. However as a less trivial example of computation of 
three-point functions the one-loop correction to the vertex 




will be considered here. The correction at the one-loop level comes from the following 
diagrams (the notation for the propagators is the same as in the previous section) 




Vci-p-q) 
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In the presence of a mass term for the (anti) chiral superfields the expressions given 
above are modified by the presence of the mass in the free propagators and further- 
more there are two additional sets of contributions corresponding to the diagrams 




Vci-P - q) 



F{p- q) 



^i{q) 



l>f(p) 




Vc{-p-q) 



Gip; q) 




Vci-P -q) 



Hip; q) 



The calculation of these diagrams is completely analogous to those that were pre- 
sented in the previous section. All of these proper contributions can be derived using 
the Feynman rules. The last two diagrams are finite and vanish in the N'—A theory, 
i.e. at m—O, as they are proportional to m^; they will not be considered here. The 
other contributions will be briefly studied in the limit m — > 0. 

The diagram Dip, q) is zero as a consequence of the contraction among the colour 
indices, so that there are flve contributions to be calculated. The dimensional analysis 
of section 1.7 gives a vanishing superflcial degree of divergence, corresponding to a 
logarithmic divergence, for the Green function under consideration. Each diagram 
actually contains a logarithmically divergent term plus finite terms. A straightforward 
but rather lengthy computation, based on elementary D-algebra, allows to prove that 
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the divergent part of all the diagrams is of the form 




2 9, 9)V,{-p - q, 9, 9)^i{q, 9,9)] , 



where c is a constant. Moreover one finds, from each diagram a finite contribution of 
the form 



where ci and C2 are numerical constants. The sum of all the logarithmically divergent 



can be shown to be zero as well. In conclusion the one-loop correction to the three- 
point function exactly vanishes in the Fermi-Feynman gauge. The same 
result can be shown to hold for the other three-point functions. 

The superfield formalism does not lead to significant simplifications in the calcu- 
lation of three-point functions with respect to the same computation in components 
(in the Wess-Zumino gauge!); actually for the Green function considered here the 
number of diagrams to be evaluated is approximately the same in the component 
formulation. However the power of superspace techniques becomes clear in the com- 
putation of four-point functions that will be considered in next subsection. 

3.3.2 Four-point functions 

The computation of four-point functions in components is awkward even at the one- 
loop level and in the Wess-Zumino gauge. In this case the choice of the WZ gauge 
should not lead to divergences because the complete four-point function must finally 
give the physical scattering amplitude. In the J\f—1 superfield formulation the calcu- 
lation of four-point functions, though rather lengthy, is much more simple. 

In this section the computation of the one-particle irreducible one-loop correc- 
tion to the Green function ($^$$^$) in the Fermi-Feynman gauge will be presented. 
There are several diagrams to be considered: each of them is free of ultraviolet di- 
vergences, as immediately follows from dimensional analysis. Moreover in the Fermi- 
Feynman gauge the single corrections are infrared safe. In conclusion one finds a 
finite and non- vanishing result. 




^[j{p, 9, 9) {ci [d''D^D^V,{-p - q, 9, 9)] ^i{q, 9, 9) + 
+C2aUq + k), [D"DV,(-p-g,^,^)] ^i{q,9r9)] , 



terms contained in the diagrams A, B, C, E and F vanishes. The residual finite part 
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The first subset of diagrams corresponds to 




Aip; q; r) 



together with those obtained from this one by crossing. There are a total of four dia- 
grams of this kind. Apphcation of the Feynman rules and steps completely analogous 
to those entering the evaluation of the propagators allow to find the following results. 

where 

j{A)acJL, V ^ f d'^k 4 1 

Hmik KP^Q^r) - J ^27^)4"^ A;)2(g + A;)2(g + A;-r)2 ■ 

• { [{D'D')^f{p, e, 6)] + q-r,e, ^)$^(r, 6, 9)^i{q, 9, 6) + $f (p, 9, 9)- 



[(L>V)$^(p + g-r,^,^) 

D^^^\p + q-r,9,9) 



^^,{r,9,9)^i{q,9,9)-r2[{D^D^)^f{p,9,9) 
^^,{r,9,0)^i{q,9,9) + 2\D^^f{p,9,9) ■ 
{D''D")^^^ip + q-r,9r9)] $^(r, ^ ^ J) + 4 [(L>":D^)$f (p, ^ J) 

D;D^^'^\p + q-T,9,9)] ^^,{r,9,9)^i{q,9,9)] = 



dW- 



1 



K^fkip,q,r;9;9) 



(27r)4 A;)2(g + A;)2(g + A;-r)2 

and the constant k is a group theory factor defined by 

where 



(3.33) 



j-(A)acJL 
^2bdIK 



{p, q, r) 



d''9- 



1 



(27r)4 k^{p -kY{p-k- ry{q + k)^{p + q-k- r)2 

■Kl^Jk{P,Q,r-9-e); (3.34) 
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where 



j{A)acJL 
^3bdIK 



^^'^'"'^ j (27r)4'^^^F(p-A;)2(5 + A;)2(5 + A;-r)2 ■ 

• { [d'^^Hp, e, 6)] [D'^iiq, e, 6)] + g - r, e, e)^^{r, e, e)+ 

• $^(r, 9, 9) - 16(p -k- r)'^f{p, 9, 9)^i(q, 9, 9)^i(p + q-r,9,9)- 
•$^(r,^J)} ; (3.35) 



where 



j{A)acJL 



d^k 



d^9- 



(27r)4 k\p-kf{p-k-rY{q + kY' 

■ { \D%f{j), 9, 9)] ^i{q, 9, 9)^i{p + q-r,9,9) [D'^^,{r, 9, 9)] + 

+8ia^^.{q + k), p%fip,9,9)] ^i{q,9,9)^iip + q-r,9,9y 

■ [D"$^(r,^^J)] -16(g + fcf$f(p,^,^)$,^(g,^,^)$^(p + g-r,^,^)■ 
•*^(r,^,^)} . (3.36) 

The second kind of contribution corresponds to the diagram 




B{p; q; r) 



In this case the diagrams obtained by crossing are identical to the one depicted, 
so that they are accounted for by giving the correct weight to B{p,q,r). For this 
contribution one finds 
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where 



j{B)acJL 
J- 1 



'bdlK 



• { (p, ^, -9)] {q, 9, 9)^i{p + q- r, 9, 9) [D'^^,{r, 9, 9)] + 

+8ia^^{p - k), [D^^fip, 9, 9)] ^i(q, 9, 9)^i(p + q-r,9,9)- 
■ [L'"$^(r,^,^)] -16(p-A;)^<l>f(p,^J)«l>,^(g,^J)«l>^(p + g-r,^^,^)■ 
•$^(r,^,^)} . (3.37) 



The next one-loop correction is 




C{p; q; r) 



This contribution is trivially zero because it contains the product 

54(^1-^2)54(^1-^2) = 0. 

This would not be true with a choice of gauge different from the Fermi-Fey nman one, 
i.e. with a ^ 1, because in that case there would be projectors acting on the 5's. 
The vanishing of C{p,q,r), that is completely trivial in the superfield formulation, 
corresponds, in the component formulation, to a complicated cancellation among 
various terms coming from graphs with the same topology. 
Another subset of diagrams contains 



D{p; q; r) 
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plus the crossed versions of this one. There are three inequivalent crossed diagrams. 
The result of the calculation is the following. 

2 



where 



r(D)acJL / \ 

^ibdiK {P,<l,r) 



(2 



d^9 
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k^{p — ky{k + r — p — qy{p — k — r) 



{ [o'^fip, e, e)] [D'^iiq, e, e)] + q-r,e, ^)$^(r, e, e)+ 



+8ta^^.{k + r-p), (p, e, e)\ [D^<^i{q, 6, 6)] <i>^(p + q-r,e,ey 

$^(r, e, 9) - 16{k + r - (p, 9, 9)^i{q, 9, ^)$^(p + q-r,9,9y 

^d{r:0,9)} ; (3.38) 



D2ip, r) = ( - ) / ^N\N' - l)(5.e5- + S'jtMsf - 6'j5^)i[Zk\p, q, r) , 



where 



j{D)acJL. , f _^^4g 

^2bdiK yPiqi'i — J 

■{ 



k'^{p — kY{k -\-r — p — qY{p -\- q — k)^ 
D'^fip, 9, 9)] ^Uq, 9, 9)^i(p + q-r,9,9) [D'^^,(r, 9, 9)] + 



+8<aik -p-q), p^^f (P, 0, 9)] ^i{q, 9, + g - r, 9, 9)- 

■ [^"^^(r,^^)] -16(A;-p-g)^$f(p,^J)$,^(g,^,^)$^(p + g-r,e,^)• 
•$^(r,^J)} ; (3.39) 



^3(P, q.r)=[-] kN-\N'' - lM5l + 5^5"^){5^j5^ - 5i5^)I^^,i^^\p, q, r) , 



where 



jiD)acJL. ^ /■ ^!!^^4^ 

^3bdIK yPTq^'j — J ^27r)^ 



k'^{p — ky{k + r — p — qY{p -\- q — k)' 



{$f (p, 9, 9)^i{q, 9, 9) [D'^i{p + q-r,9, 9)] [D'^^,{r, 9, 9)] + 

-8ia^^^{p-k-r),^f{p,9,9)^i{q,9,9) [D%i{p + q - r,9,9) ■ 
[D-^^ir, 9, 9)] - 16(p -k- r)'^f(p, 9, 9)^i(q, 9, 9)^i(p + q-r,9,9)- 
^d{r:0,9)} ; (3.40) 
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where 



j{D)acJL 
U bdlK 



{p, q, r) 



(27r)4 k'^(p-ky(k + r-p-qy(p + q-ky 



e, e) [D^H{q, e, e)] [D'^'iip + q-r,e, e)] $^(r, e, 9)+ 



■ $^(r, e) - i6(p + q - kf^i^ (p, e, e)^i(q, e, e)^i(p + q-r,e,e)- 
■^^Ar,e,e)}- (3-41) 

The last one-loop family of diagrams is formed by the one below plus those ob- 
tained by crossing. 




E{p;q;r) 



The resulting contributions to the Green function are 

2 4 
i - 

.4/ 2 

where 

jiE)acJL. . _ [ 4 

^IbdlK \P^H^') — J ^27r)^ j 



k'^{p — ky{p + q — ky 

■ {$f (p, e,e)^i{q, e,mi{p + Q-r, e,e)^d{r, o,e)] (3.42) 



E2{p,q,r) 



2 ^4 



4 / 2 



where 



j{E)acJL. ^ _ f . 

^2bdiK yP^H^'l — J ^27r)^ i 



k'^(p — ky(r — kY 
(p, e, e)^i{q, e, 9)^i{p + q-r,e, ^)$^(r, e,e)]; (3.43) 
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where 

■ (p, e, e)^i(q, e, e)^i(p + q-r,e, ^)$^(r, e,e)} (3.44) 

where 

j(E)acJL. . _ f ]_ 

■[^\p,9,9)^i{q,9,9)^i{p + q-r,9,9)^^{r,9,9)] . (3.45) 

The sum of all the preceding terms results in a finite and non vanishing total 
one-loop correction to the four point function. The final expression contains terms 
with six different tensorial structures 

2 



where 



^ / i=l 

— A^A'^A^A^ / j(A)acJL j(A)acJL 2 (B)acJL j{D)acJL 

— °a°c°J°L y^lbdlK ^3bdIK '^^bdlK ^2bdIK 

_ j{D)acJL j{E)acJL j{E)acJL\ 
^AbdlK ^IbdlK ^3bdIK J 

Mi) — A A^'^A^A^ ( 7-(^)"cJi I T{D)acJL _ j{D)acJL j(D)acJL 

^ — OacO OjOj^ y-lbdlK ^IbdlK ^2bdIK ^3bdIK "i" 

_ j{D)acJL j{E)acJL j{E)acJL\ 
^AbdlK ^IbdlK ^ZbdlK J 

M^) _ Kbxd;;! ;;K ( r{A)acJL 2 {B)acJL j{D)acJL j^{D)acJL\ 

^ — "a"c"L"j \^2bdIK '^^^bdlK ^2bdIK -^AbdlK j 

r'(4) _ rd rb r/ s:K I j-{A)acJL j{A)acJL 2 {B)acJL j{D)acJL 

^ — ^a'^c^L^^J \^2bdIK ^ ^ibdlK ^ '^^bdlK ^IbdlK 

_ j{D)acJL j{E)acJL j{E)acJL\ 
^3bdIK ^2bdIK '^^ibdlK ] 



r<{^) — Xds:b;:I;:K I T(A)acJL 2 (^B)acJL j{D)acJL j{E)acJL 

<^ - ^a^^c^J^L y3bdIK +^hdIK +hbdIK + hbdIK 

/^(6) _ f xbds:I s:K ( T(A)acJL _ j{D)acJL j(D)acJL _ j{D)acJL 

^ — OacO Oj^Oj y^4^f)aiK ^IbdlK ^2bdIK ^3bdIK 



, j{D)acJL j{E)acJL j{E)acJL\ 
"I" ^AbdlK ^2bdIK '^^AbdlK I 
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In the presence of a mass term for the (anti) chiral superfields the expressions 
given above are shghtly modified by the presence of the mass in the free propagators 
and furthermore there are two additional sets of contributions corresponding to the 
diagrams 




Both of these graphs give corrections proportional to m^, that can be calculated much 
in the same way as the previous ones. 



With a different choice of gauge the computation of four-point Green functions is 
more complicated. Single diagrams involving vector superfield propagators contain 
new contributions, some of which are infrared divergent. The correction C is not zero 
anymore, because there are projection operators acting on the (5-functions. Moreover 
further diagrams must be included in the calculation at the same order as a conse- 
quence of the non-vanishing of the one-loop correction to the vertices. For example 
one must consider diagrams such as 



3.3 Three- and four-point functions 



107 




The techniques illustrated in this chapter for the calculation of Green functions 
in the J\f=l formalism can be applied to correlation functions of composite operators 
as well. Green functions of gauge invariant composite operators such as those that 
form the multiplet of currents (equations (2.17) and (2.18)) play a crucial role in the 
correspondence with type IIB supcrstring theory on AdS space to be discussed in 
chapter 5. The application of A/'=l superspace to this problem will be sketched in 
the final chapter. It can be shown that the extension of the formalism to the case of 
composite operators is rather straightforward, the fundamental difference being that 
the complete Green functions and not the proper parts must be considered. 



Chapter 4 



Nonperturbative effects in AT = 4 
super Yang— Mills theory 



In the last chapter the quantum properties of H—^ supersymmetric Yang-Mills the- 
ory have been analyzed at the perturbative level, this chapter is devoted to the study 
of some non-perturbative effects. Instanton calculus will be employed to compute 
various Green functions of gauge invariant composite operators in the semiclassical 
approximation. 

It is well known that in gauge field theories non-perturbative effects can modify 
in a dramatic way the perturbative structure of the vacuum. Instanton calculus has 
proved to be an extremely powerful tool in the analysis of non-perturbative phe- 
nomena in quantum field theories, particularly in the case of supersymmetric gauge 
theories. The role of instantons in Yang-Mills theories was pointed out in [85] at 
the classical level and then at the quantum level in a fundamental work by 't Hooft 
[86] . Instantons are non trivial finite action solutions of the classical Euclidean equa- 
tions of motion of the model. The computation of Green functions in the instanton 
background allows to study non-perturbative properties of the quantum theory. In 
non-supersymmetric non Abelian gauge theories the contribution of instantons to 
Green functions turns out to be divergent in the semiclassical approximation [86]. 
However in the supersymmetric case explicit instanton calculations can be performed 
leading to finite and well defined results, thanks to the cancellation between fer- 
mionic and bosonic quantum fluctuations. Compensations of quantum effects due 
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bosons and fermions take place in the instanton background and allow to explicitly 
compute vacuum expectation values (vev's) of composite operators (condensates). 
These cancellations are reminiscent of boson and fermion compensations in internal 
loops at the perturbative level. The condensates play the role of order parameters in 
non-perturbative phenomena such as for instance the spontaneous breaking of chiral 
symmetries or even of supersymmetry in certain models [87]. Furthermore instanton 
calculus together with holomorphy properties, has allowed to derive some exact re- 
sults in supersymmetric theories [33] and, more recently, to obtain non trivial checks 
of the exact result proposed in [34] . 

As was discussed in previous chapters supersymmetric gauge theories typically 
possess a moduh space of vacua parameterized by the vev's of scalar fields. The 
literature on instanton effects in asymptotic free theories includes examples in which 
the computations are performed with zero vev's for all the scalars [87] as well as 
examples in which non vanishing vev's for the scalar fields parameterizing the moduli 
space are considered [88] . The jV=4 super Yang-Mills theory has a (exactly) vanish- 
ing /3-function and a moduli space of vacua, M.—'R^'^ x Sk, where k is the rank of the 
gauge group and Sk the group of permutations of k elements, parameterized by the 
vev's of six real scalar fields, {cp^). The superconformal phase, corresponding to the 
origin of A4, i.e. (</?*)=0, Vi, cannot be obtained naively as the hmit of the theory 
in the Coulomb phase. In this chapter the approach of [87] will be applied to the 
computation of various condensates corresponding to operators in the supermultiplet 
of currents (2.17), (2.18). Four-, eight- and sixteen-point functions of bihnear oper- 
ators belonging to the current supermultiplet will be computed in the semiclassical 
approximation in the case of a SU(2) gauge group. In particular the exact complete 
spatial dependence will be determined for a four-point function at lowest order. 

Due to the vanishing of the /3-function and of the associated chiral anomalies, the 
correlation functions that will be studied, unlike the cases encountered in theories 
with less supersymmetry, receive a non- vanishing perturbative contribution as well. 
These Green functions will reconsidered in the final chapter in the context of the 
correspondence with type IIB superstring theory compactified on AdS5 x S^. It will 
be shown that the difficulties encountered in perturbative calculations in chapter 3 
do not affect the computations discussed here. 

The chapter is organized as follows. The general features of instanton calculus in 
supersymmetric gauge theories are briefly discussed in sections 1, 2 and 3. Sections 
4.4, 4.5 and 4.6 report on original results in the case of Af—A supersymmetric Yang- 
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Mills theory, following [89]. The final section describes the generalizations of the 
results of [89] to the case of a SU(iV) gauge group and to the X-instanton sector in 
the large N limit, that were given respectively in [90] and [91, 92]. 



4.1 Instanton calculus in non Abelian gauge theo- 



In this section the semiclassical quantization in the background of an instanton con- 
figuration will be reviewed for the case of a pure Yang-Mills theory. The extension 
to fermions will be discussed in the next section. 

In quantum field theory one is interested in computing vacuum expectation values 
of operators 0{(j)), that in general are polynomials in the elementary fields 0. In 
Euclidean space one must calculate 



where the dependence on h has been explicitly indicated in order to discuss the 
semiclassical approximation. 

The classical vacuum of the theory corresponds to a constant expectation value 
(0) for the elementary fields and a perturbative series is obtained expanding the 
interaction part of the action S'[0] for small fiuctuations, 50, around the classical 
vacuum. In instanton calculations one considers a situation in which there exists a 
non-trivial solution of the classical equations of motion with finite Euclidean action. 
Denoting by such a field configuration one can then study quantum fiuctuation 
around (j) — (f) in the limit H ^ 0. Putting 



ries 



(4.1) 



0(x) = 0(x) + S(l){x) = 0(x) + n}^'^rj{x) 



and expanding 5'[0] in powers of H in the form 



= S[cl>] + - d'xd'y 




6^S 




r){x)ri{y) + 0{H'/') , 



6(l){x)S4>{y) 



the vacuum expectation value of an operator (!?[0] can be evaluated in the semiclas- 
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sical limit by a saddle point approximation ^ 

= l[Vrj]e-^0[{^ + rj){x,)]^ 

Notice that in principle one could consider a classical solution with infinite Eu- 
clidean action, but this would give a vanishing contribution in the semiclassical ap- 
proximation because of the factor e"'^''^'/^ in (4.2). 

4.1.1 Yang— Mills instantons 

The classification of non-trivial solutions of the classical Euclidean equations of mo- 
tion for the Yang-Mills system has been given in [85], where an explicit solution 
has also been constructed. Another (multi-center) solution has been proposed by 
't Hooft, who also studied the semiclassical quantization [86]. The case of a SU(2) 
gauge group will be discussed first and then the extension to SU(A^) will be sketched. 
The Euclidean Yang-Mills action is 

Sym[A] = J d'xtr{F^,F>^'') , (4.3) 

where the gauge field A/^ and the field strength Ff^^ are respectively 

^ aM'^ - ff'A'^ + [A^ A''] = {d^Al - d^Al + if\cAlAl) 

and T" are generators of the gauge group in the representation r, satisfying [T", — 
if^^cT^ and tr (T"-T'^) = dj. being the Dynkin index of the representation. 

Gauge transformations take the form 

A,{x) A^{x) = n{x) [A^{x) + zd^] n^{x) , 

with n{x) = e^""^^^)^". 

The study of finite Euclidean action configurations is performed much in the 
same way as for the monopoles of the Georgi-Glashow model in appendix B. The 
requirement of finite action implies that must approach asymptotically, i.e. for 
^This relation holds for bosonic fields <p, see the next section for the case of fermions. 



dct 



6^S \ 
S<P{x)S<P{y)) 



:i + o{n)). 



(4.2) 
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\x\ oo, a pure gauge configuration. This leads to a topological classification of the 
field configurations in homotopy classes. The quantity which characterizes the finite 
energy solutions is the Pontryagin index 

K[A] = ^ / ^'^C^r , (4.4) 



where F — \e^iup(jF'^'^ ■ The Yang-Mills action satisfies a "Bogomol'nyi bound" 



Solutions of the classical equations of motion correspond to local minima of the action 
functional, so that in each homotopy class they saturate the bound in (4.5). As a 
consequence they are determined by the condition 

In the K—Q sector the minimum is reached on the trivial vacuum, ^^=0, while the 
configurations minimizing S[A\ for 7^ are (anti) instantons. Self-dual and anti 
self-dual configurations are referred to as respectively instantons and anti-instantons. 

In the K—1 sector and for a gauge group SU(2) the explicit solution was found 
in [85, 86] through the ansatz 

A^^i^a'^log^, (4.6) 

where $ is real scalar field. Substituting into the equations of motion one obtains 
the equation for $ 

A solution can be written in the form 

$ depends on 5 free parameters, p associated with the "size" of the instanton and xq 
with its position. The corresponding instanton solution is 
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where y — x — Xq and 77^^ are the anti self-dual 't Hooft symbols 



„ _ _ „ _ for /i, z/ = 1, 2, 3 



The general solution depends on 3 additional parameters corresponding to the free- 
dom of performing global gauge rotations. Actually the Yang-Mills system is classi- 
cally invariant under the four-dimensional conformal group, which partially overlaps 
with global gauge transformations. In [93] it has been proved that the most general 
one-instanton solution depends on 8 parameters, referred to as collective coordinates 
or moduli, that in the following will be denoted by The moduli space, i.e. the 
space parameterized by the coordinates will be indicated by M.. The field (4.8) 
has a singularity at y=0, which can be removed by a correspondingly singular gauge 
transformation, so that one can construct a solution with no singularities at any x 

where 77^^ are the self-dual 't Hooft symbols 



t"'"' for /i, z/ = 1, 2, 3 



,1 „a 



which satisfy 



with cr", a = 1, 2, 3 the standard Pauli matrices. The associated field strength is 

F,. = F,M\ = -2ie-^°^V,. , ,f ,,, e-'^°^° . (4.10) 

The ansatz of (4.7) can be generalized to a n-instanton solution considering the scalar 
field 

n 2 

$(a;) = l + y ^V^. 

Substituting into (4.6) yields a solution, with singularities at = Xq^, which 

can be made regular by a suitable singular gauge transformation. For such a config- 
uration one can prove that 
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SO that (x) is a solution in the homotopy class The number of collective 



coordinates for the n-instanton solution is 8n — 3 (with n > 1). There are 8 moduli 
for each single instanton, but one must subtract 3 global rotations that are already 
accounted for by the relative rotations. This result can be proved to hold in general, 
even if the n instantons are not widely separated, [94]. 

4.1.2 Semiclassical quantization 

To perform a semiclassical quantization around an instanton configuration according 
to (4.2) one needs the expansion of S[A] around = A^, obtained putting = 
+ Qfi, where denotes the quantum fiuctuation. A straightforward calculation 
gives the gauge kinetic operator in the instanton background 



where Dfj_{A) = dfj, + . ] is the covariant derivative. 

In the instanton background the Faddeev-Popov quantization must be suitably 
modified, because the kinetic operator M^^, possesses 8 new zero modes (in the case 
of a SU(2) gauge group under consideration) beyond those associated with gauge 
symmetry. These new zero- modes correspond to the symmetries of the action S[A] 
that are broken by the instanton configuration and are related to the 8 collective 
coordinates /3j in the general solution (4.9). In fact since Af^ is a solution for any (3i 



so that (4.2) is formally divergent. This divergence is completely analogous to those 
introduced in the partition function of gauge theories by the functional integration 
along the gauge orbits, that is dealt with by the Faddeev-Popov procedure. The 
correct way of performing the quantization in the instanton background was discussed 
in [95] . The general instanton configuration will be parameterized as 



where Q denotes an arbitrary gauge transformation and (3 the set collective coordi- 
nates, 8 in the case of SU(2) and ii'[A] = l and in general 4A^ii'[A] in the instanton 
sector for a SU(iV) gauge group. The basic idea is then to constrain d la Faddeev- 
Popov the quantum fiuctuations to be orthogonal to as Q varies in G and Pi 
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in the moduli space M.. In the partition function of the system ^ 



one inserts 



^ ' ' 



(4.11) 

where Q{x) is parameterized as fl{x) — e^^°'^^'>'^°- and the scalar product in the argu- 
ments of the 5-functions is 

U,,9n = \j d'xirU,W{x)) . (4.12) 

Equation (4.11) defines the Faddeev-Popov determinant App. Some algebraic steps 
allow write Z in the form 

Z^ J [DA,] J ndAe-^[^lApp(A/3)- 

■S (tr [T'^D.iA) {A^ - A) (x)] ) 5 ^{A, - A„ 

In this relation an infinite constant, coming from the integration over the group 
algebra, has been dropped, since in the following the above construction will be 
employed in the computation of normalized vev's of operators. The Faddeev-Popov 
determinant in the above expression can be computed much in the same way as in 
the case of the ordinary of gauge theories. 

To compute expectation values in the semiclassical approximation one only needs 
App(74,/3) on the classical solution A. It can be shown that in this case App can be 
written as 



App (A/?) 



det {Dl,{A)5{x - y)) det (d,,(yl, /?)) , (4.13) 

A=A x,y ''^ 
a,b 



where 



d,jiA,P)^iaf{P),a^^^\(3)) 



^Prom now on H will be set equal 1. 
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The vectors a in the above equation are given by 

and ^jx^'^) are determined by the transversahty condition 

In conclusion introducing ghost fields, c and c to rewrite the determinants as 
Gaussian integrals the expectation value of a gauge invariant operator 0[A] in the 
semiclassical approximation takes the form 

J V v27r 



-^KiA] /"tt llall r-n det'Mg^'- ^ detD^M 
^ ^ (det'Mi^M"'detn 



where the 'gauge-fixed' kinetic operators M^^- and MjS)^'^' are 
4.1.3 Bosonic zero- modes 

To explicitly compute expectation values through equation (4.14) one needs to know 
the zero- mode vectors d^^\ whose norms enter the integration measure. Since the 

(i) 

kinetic operator is modified by the gauge-fixing term the vectors dy are given by 

ffj 

for a suitable function A^'^ (x) , such that 



a):'(x] G Ker [M^'^] . 



To compute the zero-mode vectors it is convenient to refer to the singular instanton 
solution. For the case of a SU(2) gauge group, after rescaling A^ ^A^, it reads 

p^(x - Xo),x 



A^{x,(3) = — e 
9 



{x - XoY[{x - Xq)"^ + fP] 



e-^^«^", (4.15) 
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where the 8 moduh are Pi — {x^, p, 9a). 

Zero-modes associated with translations. 
In this case (3i and there are four zero-modes. The transverse vectors are 

The computation of the norm is straightforward using (4.15), the result is 

2^2 TT 



ISM II = 



9 



Zero-modes associated with dilatations. 

The corresponding collective coordinate is the size of the instanton p. al^^^^ is simply 
given by 



;^(dii) _ ^ _ py 



dp g ''^(y2 + p2)2' 

so that for the norm one obtains 

47r 



^ 9 



Zero-modes associated with gauge rotations. 
The relevant collective coordinates are the angles 9a in (4.15) and one can put 



f)A 



9 



where the scalar field defined by the last equahty in the above equation, must 
satisfy 



D2(^)0(«) = , lim = -1t(") . 

\x\-^oo g 



The solution is 



(") ^ ( _1t("M , with r^\x\. 

J.I _|_ pZ 
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The norms are then 



laril = ^ 



9 

The above eight vectors can be shown to be orthogonal with respect to the scalar 
product (4.12). 

Having determined the vectors one can thus replace the integration over the 
zero-modes in (4.14) with an integration over the instanton collective coordinates and 
write the integration measure as 

Y V27r (27r)4 \^ g J 9 \ 9 J 

^ ^p^d'^xodpd^e . (4.16) 
9^ 

The generahzation to larger gauge groups, in particular to SU(A'"), is rather 
straightforward [96, 97]. First it can be shown [98], that the mapping of into 
a generic group G, which determines the topological classification of the instanton 
solutions, can be continuously deformed to a mapping into SU(2). Hence the classifi- 
cation of classical solutions into homotopy classes holds in general. Furthermore one 
can construct a solution in the case of a gauge group G by the embedding of a SU(2) 
instanton. In particular for G=SU(A'^) one can consider a configuration 

-J ^ 2i %,x- Afc 
^ g a;2(x2 + p2) 2 ' 

where Xk, k — 1,2,3, are the first three generators of the fundamental representation 
of SU(A^). Under the SU(2) subgroup of SU(A'") (Ai, A2, A3) transforms as a triplet, 
whereas the other generators are organized into 2(A'" — 2) doublets and the remaining 
are singlets. In conclusion, in addition to eight zero-modes of the SU(2) instanton, 
there are 4(A'" — 2) additional zero-modes. The corresponding vectors take the form 
[97] 

g + 

4.2 Instanton calculus in the presence of 
fermionic fields 



In this section the semiclassical quantization in the background of an instanton config- 
uration will be generalized to the case of a non Abelian gauge theory with interacting 
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fermions. 



The Euclidean action of the model is 



S[^, i/j, A] = Sym[A] + Sa[iI^, V'] = Sym[A] + d^xt/j [iD^{r)] a^tl^ , (4.17) 



where Sym is the Yang-Mills action (4.3) and D^iy) denotes the covariant derivative 
in the representation r of the gauge group G (see appendix A for the notations). In 
(4.17) ^ is a Weyl fermion; an equivalent description can be given in terms of a Dirac 
spinor ^, introducing a fictitious right chirality Weyl spinor and writing the action 



4.2.1 Semiclassical approximation 

In the full interacting theory one is interested in computing expectation values of fields 
0{xi, . . . , Xn) that are composite operators made up from the elementary fields ip, ip 
and Af^. In the semiclassical approximation one considers fluctuations, A/j^ — A^+Q^, 
around a classical solution A^; for the fermionic part of the action it is sufficient 
to restrict oneself to S-j[ip,ip]. In the spirit of the semiclassical approximation, in 
the computation of expectation values of operators depending on ^4^ as well as on 
fermionic fields, the functional integration over the latter is performed first and then 
the result is substituted into (4.14). Thus as a starting point one considers 



and evaluates this integral through a saddle point approximation. 

According to the properties of Berezin integration (see appendix A) the last in- 
tegral yields a non-vanishing result only if all the integrations over the fermionic 
variables are correctly saturated. Expanding and ^' into eigenfunctions of the 
Dirac operator 



as 




where 





(n) 
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gives 

m 

i=l n 
m 

* = Ef^^r+E^"^^"^ (4-18) 

j=l n 

where b and c are Grassmannian c-numbers. Substituting into the action one gets 
SO that one obtains 

/m fn 
Hidbf] Uidcf] Hidbr^dcn] e-^r.^o^"-^f>nO(b,c) . (4.19) 
1=1 j=l n^O 

This expression shows that the operator O must contain exactly the number of zero- 
modes of the Dirac operator that are present in the instanton background in order 
to have a non- vanishing vev. 

Hence one must study the eigenvalue problem for the Dirac operator in the instan- 
ton background. The number, n^, of left-chirality zero- modes of the Dirac operator 
{i.e. the number of zero-modes of ilpi) and the number of right-chirality zero-modes 
{i.e. the number of zero-modes of Hpu), ur, are related by an index theorem [99] 

ul-ur^ 2drK[A] . (4.20) 

Moreover for configurations with self-dual (anti self-dual) field strength one has riji—O 
(nL=0). Thus from (4.19) in the X-instanton sector it immediately follows that the 
operator O must contain an excess of exactly 2Kdr factors of ^ with respect to ^ to 
yield a non-zero result. 

For instance in the case of a theory containing two Weyl fermions, ip and x, in 
the fundamental representation of the gauge group SU(2) the relation 

riL = 2drK[A] , UR^O when F^^^A] = F^^A] (4.21) 

gives one single zero-mode, f^^^ for i/j and x in the K—1 sector, so that 

V' = ao/°) + E«-/^'^^ 

X = &o/°) + E^'^/^"^ 
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while t/j — Yln^o ^ng^^^^ and x — ^n^o ^nd'"^^^ do not possess zero-modes. An opera- 
tor with non- vanishing vev is 0{x,y) = ip'^{x)xa{y)- The saddle point semiclassical 
approximation to the expectation value of O is 



{0)a - [daodho]\{[dandhndcnddn]e-^-^'^^-^^''- 



+dnbn) 



yn=0 / \n=0 



where det' denotes the product of the non-zero eigenvalues. The generahzation of 
this elementary example to more complicated cases is rather straightforward. In the 
following sections computations of vev's of composite operators in A/'=4 supersym- 
metric Yang-Mills theory will be described. The A/'=4 theory contains four Weyl 
spinors in the adjoint representation. In the case of a SU(2) gauge group equation 
(4.21) with d^=2 yields sixteen zero-modes in the one-instanton sector. 

4.2.2 Fermionic zero- modes 

The discussion of the previous subsection shows that in order to compute the in- 
stanton contribution to expectation values of fermionic fields one needs to know the 
zero-value eigenstates of the Dirac operator. In particular their norms are necessary 
to convert the integrations over the zero-modes into integrations over (Grassmannian) 
collective coordinates as in the case of the bosonic zero-modes. For a Weyl spinor in 
the fundamental representation of SU(2) there is one single zero mode which satisfies 
the equation 

where D)j, [A) denotes the Dirac operator in the fundamental of SU(2) in the K=l 
instanton sector. The solution is 

■,(0) 



[{x — XoYp^YI"^ ' 



where s=l,2 is an index of the fundamental of SU(2). The norm of this zero eigen- 
function is 
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In the case of the adjoint representation the equation for the zero-modes becomes 

[^^(adj)(^)]^6-.c.a^(0)^Q_ (4-22) 

This equation is more comphcated and according to the Atiyah-Singer theorem [99] 
possesses four independent solutions in the case K—1 and G=SU(2). Instead of 
explicitly solving equation (4.22) the zero eigenfunctions can be obtained acting with 
the symmetries of the model ^ on the configuration 

A = A = , A^^A^, 

which trivially satisfies (4.22). More precisely the zero-modes arc obtained acting by 
the symmetries broken by the instanton background. Two of the four zero-modes are 
generated by a supersymmetry transformation 

and are associated with the supersymmetry parameter 1]. The remaining two eigen- 
functions are obtained by a superconformal transformation with parameter ^ 



P 



The above four zero-modes can be written in the compact form 

Af = ^^..o^'^a^) , (4.23) 

where 

Cf (x) = [prji + {x- Xora,^i-2] , i = 1, 2, 3, 4 (4.24) 

and 

^1 = = J ^ , V2=l2= (^i^ , V3A = -2 = . 

The powers of p in (4.24) are chosen in such a way as to give to Ci""* the correct dimen- 
sion, [mass]~2, for a supersymmetry parameter. The zero- modes Xf^ are orthogonal 
and their norms are 

||Af|| = ?^, * = 3,4. 
^ 9 9 



^Note that this construction apphes to non-supersymmetric cases as well. 
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The extension of the analysis described here to the case of a SU(A^) gauge group, 
in the K—1 sector, can be obtained without too much effort and is achieved by the 
embedding of a SU(2) instanton in the SU(A'") field configuration, see [100]. The 
generalization to multi-instanton sectors on the contrary is quite involved and has 
been developed in [101, 102, 103, 104, 105]. 

4.3 Instanton calculus in supersymmetric 
gauge theories 

The machinery of the previous sections allows to compute the instanton contribution 
to the vacuum expectation value of composite operators in supersymmetric gauge 
theories. The problem is reduced to the computation of the "primed" determinants 
of the kinetic operators, i.e. the product of non-zero eigenvalues, and then to the 
integration over the collective coordinates with the measure constructed in sections 
4.1 and 4.2. 

In non-sup ersymmetric theories the integration over the bosonic collective coordi- 
nates is IR-divergent because of the singular behaviour at p ^ 0. In supersymmetric 
gauge theories, on the contrary, in all the known cases the integration turns out to be 
finite thanks to the balance of fermionic and bosonic degrees of freedom that controls 
the p-dcpendence. This exact balance produces another significant simplification: 
the product of non-zero eigenvalues of bosonic and fermionic kinetic operators ex- 
actly cancels out. As a result in various models instanton calculus allows to obtain 
finite and exact results (in the semiclassical approximation) for the vev's of composite 
operators, see [87] for a review. 

Cancellation of determinants in supersymmetric theories. 

Supersymmetry implies relations among the eigenvalues of the kinetic operators for 
scalars, vectors and spinors, that lead to an exact compensation in the ratio of de- 
terminants that enters the expression of the expectation values in the semiclassical 
approximation. 

First notice that the chiral Dirac operator i-0i(r) satisfies 

|det (^^L(r))f = det [(0^(r)0«(r))] = det (^^(r)) det(-n) , 

where ilp{r) = i7''L>^(r) is the kinetic operator for a Dirac spinor, so it is sufficient 



124 



Chapter 4. Non-perturbative effects m A/" = 4 SYM theory 



to solve the eigenvalue problem for ilp{r). Let A„ be the non zero solutions of the 
eigenvalue problem for a scalar field in the instanton background 

The two eigenvalue problems to be solved are 

and one can prove the following relations 
with ^(") = ^D^(A)(^(")(7'^e, x(") = e(^(") and 

Pn^K " = W,&^ , 

where fj and e are two constant Weyl spinors. 

The ratio of determinants that enters the expression for the vev of an operator in 
the semiclassical approximation is 



det{M^J- + 1,') 



det'Mf, 



1 



' detD^^^) det ytJ^L -j 



(aclj)\ 



det(L'2(A)+/.2)det(i^fJ 



where a regularization d la Pauli-Villars has been introduced. Now substituting the 
eigenvalues found in the previous sections one can show that there is a an exact 
cancellation between bosons and fermions, so that the contribution of the non-zero 
modes is 1! The total contribution of the zero-modes is 

/x'^^-^'^^ , (4.25) 

where ub and np are respectively the number of bosonic and fermionic zero-modes. 
Notice that in the case of J\f—4: super Yang-Mills theory (4.25) reduces to 1, as is 
expected, since the theory, being finite, cannot lead to a result depending on the 
renormalization scale. 

For the calculation of vev's of operators O there are two different situations to 
be considered. If the operator O contains precisely the number of zero-modes to 
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saturate the fermionic integrations in the instanton background, one must simply 
substitute the fermionic fields in O with the zero-modes and perform the integration 
over the collective coordinates. This is the case that will be discussed in section 4.6. 
If instead the operator O does not contain a sufficient number of fermionic insertions 
to saturate the Grassmannian integrals, then the correlator is zero at the lowest order 
and one must consider in (O) the insertion of terms lowered from the action, until 
the correct number of spinors is obtained. This case will be described in section 4.5 
for the correlation function of four scalar fields. 

4.4 Instanton calculations in A/^=4 supersymmet- 
ric Yang— Mills theory 

The formalism described in the preceding sections will now be applied to the compu- 
tation of Green functions of gauge invariant composite operators in J\f—A supersym- 
metric Yang-Mills theory. In particular correlation functions of operators belonging 
to the multiplet of currents, see equations (2.17) and (2.18), will be calculated to low- 
est order in the one-instanton sector and with gauge group SU(2) [89]. The extension 
of the results presented here to the case of SU(A^) and to the K-instanton sector in 
the large N limit was given in [90] and [91, 92] and will be briefiy reviewed in the 
concluding section. The operators in the current multiplet that will be considered 
play a central role in the correspondence with type IIB superstring theory compact- 
ified on AdSs x S^. This issue will be discussed in chapter 5, where the instanton 
calculations will be compared with D-instanton effects in the type IIB superstring on 
AdSg X S^. 

In [89] a closed form for the instanton contribution to a four-point function of 
composite scalar operators, Q^^ in the 20 of the SU(4) R-symmetry group has been 
given. In the next section the complete space-time dependence of this Green func- 
tion will be computed. As will be discussed it will prove useful to employ for this 
calculation a description of the model in terms of J\f—2 multiplets. Also, it will be 
shown that when a limit of coincident points is considered, in order to study the 
operator product expansion (OPE), the function develops a logarithmic singularity. 
Analogous results have been found by various groups [106, 107, 108, 109]. In these 
papers a similar behaviour was extracted without explicitly performing all the inte- 
grations, on the contrary in the computation presented here the singular behaviour 
is shown with no ambiguities after a complete evaluation of the integrals which yield 
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the Green function under consideration in the semiclassical approximation. A more 
detailed analysis of this subject and related questions will be presented elsewhere 
[110]. 

In section 4.6 the computation of correlation functions of sixteen fermionic cur- 
rents and of eight gaugino bilinears E^^ will be reported. For these Green func- 
tions the integration over the collective coordinates will not be performed, neverthe- 
less the unintegrated form presented here will be sufficient for the comparison with 
the results from type IIB superstring theory discussed in the final chapter. 



4.5 A correlation function of four scalar supercur- 
rents 

The multiplet of superconformal currents of J\f=4 super Yang-Mills theory has been 
given in section 2.2 for the Abelian case. The natural four-point function of super- 
conformal currents to consider would be a correlator of four stress energy tensors. 
However, due to its complicated tensorial structure even the free-field expression for 
this correlator is awkward to express compactly and it is much simpler to consider 
correlations of four gauge-invariant composite scalar operators 

QiJ ^ - ls'^^k¥>' , i, i, = 1, 2, . . . , 6 , (4.26) 

belonging to the representation 20 of the SU(4) R-symmetry group. As discussed 
in chapter 2 Q^^ is the lowest component of the composite twisted chiral current 
superfield [111] W|) 

Wg) = tr (wW^ -^^kW^ 

After calculating correlation functions of these components one can derive those of 
any other component in the A/" = 4 supercurrent multiplet by making use of the 
superconformal symmetry [111]. A way to explicitly do it may be to resort to analytic 
superspace, recalling that 



e=0=o 



where T are the supercoordinates of analytic superspace [21]. Therefore, by com- 
puting correlators of Q^^{x) and substituting x — > T any of the other correlation 
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functions can in principle be obtained by expanding in the fermionic as well as in the 
auxiliary bosonic coordinates of analytic superspace. 

The correlation function that will be considered is therefore 

( Q''' {xi)Q''^' {X2) Q'''' (xs) (x,)) . (4.27) 

The value of this correlation function in the free field theory is determined from the 
expression for the free two-point scalar Green function which is 

(4.28) 

Hence, the free-field expression for the correlation function that follows by Wick 
contractions is 

( Q'''' (xi) Q''^' ix2) Q''^' (xs) (X4) (4.29) 



(47r2)4 

where, 



^^l^3 ^J133 ^^2^4 ^J2J4 ^34ii pn3 ^J3^2 ^J2i4 

J — J h A^^ 7^ — 7^ — 7^ — 5 h permutations 



Xij — Xi Xj . 



The first term in this expression is simply the product of two two-point functions 
and is known to be exact. The second term, which is the free-field contribution to 
the connected four-point function, certainly gets corrections from interactions. 

As has been discussed in detail in the preceding sections, in J\f—4: Yang-Mills 
theory there are sixteen zero-modes in the one-instanton sector in the case at hand of 
a SU(2) gauge group. In the background of the one-instanton solution, (4.9), (4.10), 
the correlation function 

{Q''' (xi) Q''^' {X2) Q''^' (xa) (X4)),=, (4.30) 

where the subscript K — 1 denotes the winding number of the background, is zero 
at the lowest order, because it does not contain any fermionic insertion to saturate 
the integrations over the Grassmannian collective coordinates of the sixteen zero- 
modes. However it is easy to check that the correlation function (4.30) soaks up 
these sixteen gaugino zero-modes when the perturbative corrections to the standard 
instanton configuration are considered. This can be seen either from the form of the 
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supersymmetry transformations, see equation (2.6), or from the equation of motion 
for the scalar fields The expression (4.10) is annihilated by the conserved super- 
symmetry transformations (those associated with the parameter rj"^ in (2.6)), while 
the transformations corresponding to supersymmetries associated with rj^ are broken 
and generate eight of the sixteen fermionic zero modes. The other eight zero-modes 
are generated by superconformal transformations. As a consequence acting with the 
broken supersymmetry and superconformal transformations on the scalar fields in 
(4.30) produces a configuration which possesses the required sixteen zero-modes. To 
obtain the first non-vanishing contribution to (4.30) one must consider insertions of 
terms lowered from the action until the correct number of fermionic fields is obtained. 
The first non vanishing correction comes from the insertion of a Yukawa term for each 
field (see the form (2.5) of the action) 



)K 



(4.31) 



Wick contractions among the scalar fields produce propagators, so that (4.31) be- 
comes schematically 

J d'z, [gA{x, - z,) {XX) (z,)]^ ...{^j d^zs [gA{x, - zs) {XX) {zs)]j), (4.32) 

where for simplicity of notation not all the indices have been indicated explicitly. 
Computing the integrations in (4.32) amounts to substitute each factor with the 
solution, (pf\ of an equation of the form 

[D'(A)^'] (x) = f{x) , (4.33) 

with 'source' J\x) = f^^ [X'^X^) (x). 

In order to evaluate this instanton contribution in the most convenient fashion it 
will be convenient to use the A/'=2 supersymmetric description in which, as explained 
in section (2.1), p^ decomposes into the complex A/'=2 singlet (/? with U(l) charge +2 
and a neutral Af=2 'quaternion' in the (2, 2)o representation of SU(2)vX SU(2)->^; 
which resides in the J\f=2 hypermultiplet. The scalar component Q^^cd of the J\f=4: 
current decomposes in the following way in terms of J\f=2 fields, 

Q^o = q^ip Q^o^ = q^lp Q^^ = q^q'^ - trace 

= ip^ = Q(o) ^W- trace , (4.34) 



4.5 Instanton contribution to a four-point function 



129 



where the notations are those of section (2.1) and g^^ = q^a uii ^-nd c = (!,<?), 
with a the standard Pauh matrices (and S,T — 1, . . . ,A are SU(2)vX SU(2)>^ vector 
indices). The correlation function of two </?^ and two will be discussed here. Prom 
(4.30) the free-field expression for this particular correlator is 

1 f AN^ AN^ 16Ar2 

^^/l j \-*'13'*'24 •^li-^2Z •*'41'^13'*'32'*'2' 

where in the previous notation c/?^ = = Q^^ — Q^^ + 2iQ^^. 

The ^"=2 formalism is particularly suitable to perform the integrations over the 
fermionic zero-modes because it follows from the structure of the Yukawa couplings 
(2.13) that </? only absorbs those zero modes of the M—A gauginos that belong to the 
M—2 vector multiplet (A^), while Ip absorbs the zero modes belonging to the M—l 
hypermultiplet (V'a)- The expressions for the zero-modes that will be used are those 
suggested by the supersymmetry transformations of the instanton 

Afoa = \^i^^<^^^ {P^^l> + - ^o).a;^f ^) . (4.36) 

and similarly for ■0(o)a- Here and in the following the 'size' of the instanton will be 
denoted by po- The reason for this choice of notation will become clear when the 
results of this chapter will be reanalyzed in the context of the AdS/CFT correspon- 
dence in chapter 5. In this decomposition 77^ and x^^^^ are the parameters of the 
broken supersymmetry and special supersymmetry transformations respectively. One 
can assemble the fermionic collective coordinates into the spinors C±(Po, x) (where ± 
refers to the U(l) R-symmetry charge) to parameterize the fermionic zero modes 

C±«(P0, X-Xq) = ^ (po^ia + <^\a{x^ - XQ^,)fA , (4.37) 

Using the bosonic measure for SU(2) instantons derived in section 4.1 and the norms 
of the fermionic zero-modes given in section 4.2 and proceeding as described after 
equation (4.30) one finds that in the semi-classical approximation the one-instanton 




130 



Chapter 4. Non-perturbative effects m A/" = 4 SYM theory 



contribution to the four bosonic current Green function is ^ 



/ 



23%!° 

^^^^^d^V+d^^+d^V-d^I- (a^i)9'(o) (^^2)^(0) (2^3)^(0) (2^4) , (4.38) 



Po 

where (+) (or (— )) refers to the U(l) charges of the gauginos in the vector (or hyper) 
multiplet (see below). In equation (4.38) the exphcit dependence on the vacuum 
angle, 9, has been indicated. The Green function Gq4 receives a contribution also 
from the K = —1 sector that is the complex conjugate of (4.38). 
In (4.38) the fields (p and Tp have been replaced by the expressions 

1 

lp{x) ^ ^(o)(x) = CV'^'^C^^. , (4.39) 

which satisfy an equation of the form of (4.33) and are the leading nonvanishing terms 
that result from Wick contractions in which Yukawa couplings are lowered from the 
exponential of the action until a sufficient number of fcrmion fields arc present to 
saturate the fermionic integrals. Of course, these expressions can also be obtained 
directly from the supersymmetry transformations (2.6) by acting twice on F^j, with 
the broken supersymmetry generators. After some elementary Fierz transformations 
on the fermionic collective coordinates the fermionic integrations can be performed 
in a standard manner and the result is 



^ / V 3^ g -^+ie f dpod'^XQ 4 4 -rr 



Po 



(4.40) 



.Po + {xp - xoy 

The integration in (4.40) resembles that of a standard Feynman diagram with mo- 
menta replaced by position differences and can be performed by introducing the 
Feynman parameterization, 

3-^r(16) 8 _8z^+,e fyr 3, J, \- 
^'^^^^ " 47^10 (r(4))" ^ ^ ^ J [[o^pdap6\l-}^a. 



I 



dpod^xp 3:^2^34 P^o 



(4.41) 



"^Here and in the foUowing computations of correlators of current bihnears in the fundamental 
Yang-Mills fields a factor of is included for each external insertion. It would be equivalent 
to rcscalc the fundamental Yang-Mills fields according to ^ ^ A' = gA and compute the Green 
functions of primed fields. This leads to a common overall dependence on for the three correlation 
functions that will be considered. 
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The five-dimensional integral yields 



3=^rfll) « -s^+ie 



• / n -ida, 6 (l - J2^a,) ^'^"^^ . (4.42) 

This integral can be simplified by observing that it is essentially obtained by acting 
with derivatives on the box-integral with four massless external particles, 

where the box integral is 

B{xpq) = /" n M 1 - E «0 7 — - — V ■ ^^-^^^ 

The result, correcting a sign error in [89], may be expressed as a combination of 
logarithms and dilogarithms [112] 



B{Xpg) = 



- Li2(l - u+) + Li2(l - M_) - Lis ( 1 - — ) + Li2 ( 1 - — ) 



(4.45) 



where 



and 



det{{xlg)) = + + - 2XY - 2YZ - 2ZX (4.46) 



4x4 



Y + X-Z±^/A 
u± = ^ , (4-47) 

with X = a;^2'^34- ^ = ^13^24 Z — x\^xl^. 

Notice that up to an overall dimensional factor needed for the correct scaling, Gqa 
turns out to be a function of the two independent superconformally invariant cross 
ratios X/Z and Y/Z. Although not immediately apparent, the expression B[xpq) is 
symmetric under any permutation of the external legs, as can be seen by making use 
of the properties of the dilogarithms, 

U2{z) + U2{l-z) = — - log(2;) log(l - 2) 



U2iz)+uJ-] = -^-i[log(-^)]^ (4.48) 
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and observing that the relevant permutations correspond to permutations oi X — 
Yu+U-., Y and Z — Y{l—u^){l—u_), that are generated by the two transformations: 
a) u+ — > 1/u-, U- — > l/ii+, Y Yu-U-^., which is equivalent to the exchange of X 
and y, leaving Z fixed {i.e. to the exchange of x\ and or, equivalently, of X2 and 
X3) and b) w+ — > 1 — ti_, w_ — > 1 — ti+ at fixed y, which is equivalent to the exchange 
of X and Z (or the exchange of X2 and x^ or, equivalently, of xi and x^)- 

To compute the explicit dependence of Gqa on Xp one must perform the six deriva- 
tives with respect to Xpq. These can be more conveniently calculated rewriting the 
differential operator in (4.43) as 

n i = -DzVyVx , (4.49) 



p<q PI 



where 



Defining 



d 

Q{Xpg) = Yl —^B{Xpg) 
p<q '^•^Pl 

after a lengthy computation one obtains 

Q{xpg) = ^ 1^193X6 - lUX^Y - 1281X^^2 + 2404X^^3 _ 1281X2^^ + 

-114Xy^ + 193y^ - 114X5^ + 4734XVZ - A620X^Y^Z - 4:620X^Y^Z + 
+4734Xy^Z - 114y^Z - 1281X^^2 - 4:620X^YZ^ + 15402X^^^2 + 
-4620Xy3z2 - 128iy^Z2 + 2404X^^3 - 4620X^^3 - A620XY^Z^ + 

+2404y3z3 - 1281X2^^ + 4734XyZ^ - 128iy2Z^ - 114XZ^ - 114yZ^ + 
+ 193ZM ( - 33XS - 96XV + 714X6y2 _ ioo8X^y3 + 1008X3y5 + 



A6 

-7UX^Y^ + 96Xy^ + 33y^ - 6X^Z - 1770X^YZ + 19SX^Y^Z + 8298X^y3z + 
-829SX^Y^Z - 198X + 1770Xy6Z + 6Y^Z + A35X^Z^ + 3312X^YZ^ + 
-13473X^y2z2 + 13473XV^Z2 - 3312Xy5z2 - 435y*^Z2 - 930X^^3 + 

+ 1914X^yz3 + 15396X3y2z3 - 15396X^3^3 _ iquxY^Z^ + 930y^Z3 + 
+645X^Z^ - 6384X3yZ^ + 6384Xy3z^ - 645y^Z^ + 78X3^^ + 3114X2yZ^ + 

+ 



-3114Xy2Z^ - 78y^Z^ - 279X2^^ + 279y2Z^ + 90XZ^ - 90yZ^^ log 



X 

y 
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- I^IIX^ - 28XV - b2X^Y'^ + 284X^^3 - 430X^r^ + 284^3^^ - 52XV^ + 

-28Xy^ + liy^ + mx'^Z + 590X^YZ - 2U2X^Y^Z + U90X^Y^Z + 
+1490X^y^Z - 2142X V^Z + 590XY^Z + 62Y^Z - 331X^Z^ + 972X^YZ^ + 
+AA91X^Y^Z^ - 1026AX^Y^Z^ + 4491X V^Z^ + 972XY^Z^ - 331Y^Z^ + 

+362X^Z^ - m^X^YZ'^ + 5132X^^2^^ + 5132X^^3^3 _ 4394x^^^3 + 

+362r^Z3 + 215X^Z^ + 3404X-VZ^ - 8982X^2^^ + 3404X^3^^ + 

+215r^Z^ - 6A6X^Z^ + mOX^YZ^ + mOXY^Z^ - GAQY^'Z^ + 383X2^^ + 

'XY' 



Z2 



+ 



-llSOXyZ^ + 383y^Z^ - 34XZ^ - 34yZ^ - 22Z^^ log 

+^^| (^X^ + 3X\Y + Z)- 6X^(5F2 - 19FZ + 5Z^) + {Y - Zf{Y^ + 9Y^Z + 

+9YZ^ + Z^) + X6(62y3 _ lUY'^Z - UAYZ^ + 62Z^) + 3X{Y - Zf ■ 
■ {Y^ + 42^3^ + 1141^2^2 + 42FZ3 + Z^) - 6X^ (GF^ + 83^^^ - 2521^2^2 ^ 
+83rz3 + 6Z^) - 6X^(r - Zf[^Y^ + 34r^Z - imY'^Z^ - l^W^Z^ + 34FZ^ + 
+5Z^) - 6X^(6r^ - llbY^Z + 223^3^2 + 223^2^^ - 175FZ^ + 6Z^) + 

+X3(62y^ - 498y^Z - 1338y^Z2 + 39A&Y^Z^ - 1338Y^Z'^ - A98YZ^ + 62Z^)^ ■ 

2 V ^2 ; ^ V ^ 2xr / V 2X / 



^. , -X + Y + Z-VA\ /X-Y + Z + VA\ ^. /-X + Y + Z + VA 

-LI2 + LI2 + Ll 



2Y / V 2X J \ 2Y 

In conclusion the one-instanton contribution to the correlation function Gq4.{xp) is 

Gq<x,) = ^/^'J|,|^|^4 9'e-'^^'\t,xtMx,,) . (4.50) 

Unlike correlation functions of elementary fields that are infra-red problematic 
and gauge-dependent, the above correlator is well defined at non-coincident points. 
Moreover it possesses the correct symmetry properties. This can be derived from 
the symmetry of B(xpq) discussed above and the observation that the differential 
operator (4.49) is completely symmetric. Of course the symmetry properties can be 
checked directly on the final expression for Q{xpq). Notice that the above form for 
Q{xpq) is valid only for X, Y, Z in the 'physical domain', i.e. in the region obtainable 
for allowed choices of x^^, that is defined by the condition 

A = A(x, y, z) = x^ + + - 2xy - 2xz - 2yz < o . 
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In this region single terms in the above expression are complex, but the complete 
function is real. To describe the physical region it is convenient to rewrite Q{xpq) in 
terms of two independent cross ratios, 



X 
Y 



•^12-^34 
•^13-^24 



s - ^ - 



^14^23 



2 ™2 ' 
13-^24 



extracting a factor ttj in Q{xpg). Then the physical domain corresponds to the region 



Sir,s)^ — ^l + r'' + s^ 



2r - 2s - 2rs < 
in the (r, s) plane. This is the region inside the parabola in figure 4.1 

d=l-2r-2s-2rs+r^+s^ 




8<0 / 



Figure 4.1: Physical domain for B{xpq) 

Having obtained a closed form for Gq4.(xp) one can study the behaviour when 
any two points are taken close to one another, Xpq — > 0. For instance xu — > corre- 
sponds to r — > 0, s — > 1 simultaneously. In this limit B{xpq) develops a logarithmic 
singularity. 

The logarithmic divergence in the Green function Qq4 can be shown more clearly 
considering the particular configuration in which the points Xp, p — 1,2,3,4, are 
taken on a line. In this case the cross ratios r and s are not independent. Assuming 
Xi < X2 < X3 < X4 r and s are related by 



Vr + v^s = 1. 
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Thus one can express the result in terms of a single variable 77 defined by 

r = 77^ s^{l-'nf . (4.51) 
In this limit the above computed function Q{xpq) reduces to ^ 

Q = Q(r]) = 3 ^i^^^-^(1007?^ + 429 + 2431 r;^ - 27177;^ + 1794 77^ + 
-65077^ - 128777) - 3 ^°g[(~^ + ^) ] (100 ^6 + 59 ^5 ^ 44 ^4 + 41 ^3 ^ 

7]' 



+447/^ + 507/ + 100) - 2 ^^ ; ^(300-90077 + 30777^ + 88677^ + 



(77=^-77 + 1)=^ 
776 (-1 + 77)6 

+307 7]"^ - 900 7]^ + 300 77^) . (4.52) 



and it can be shown that Q{ri) has a logarithmic singularity as 77 ^ or 77 ^ 1. 

This peculiar behaviour has been observed by various authors in four-point func- 
tions computed in the context of the AdS/CFT correspondence [106, 107, 108, 109], 
but here it is derived from an exact field theoretical computation and thus shown 
with no ambiguities. Notice that single terms in Q{xpq) have pole-type singularities 
in the limit X12 0, but in the sum the singularity is only logarithmic. Note in 
particular that the poles associated with operators of dimension lower or equal to 

in the OPE are absent. Moreover with non- vanishing Y the only singularities in 
B{xpq) correspond to the points (r = 0, s = 1) and (r = 1, s = 0) marked in figure 
4.1. Taking into account the pre-factor, .t^2''^34> ^^e complete expression of Gq4, one 
finds that the limit in which two operators are taken to coincide gives a vanishing 
result, while a logarithmic singularity is actually present when ip"^ approaches Tp'^. 

The logarithms by themselves do not violate the supcrconformal symmetry of the 
theory, that is manifest in the final expression of the four-point function. In some 
respect, logarithmic behaviours in four-point functions should not sound unexpected 
in a supcrconformal theory, such as J\f=A supersymmetric Yang-Mills theory, that 
contains a large number of primary fields all of whose (protected) dimensions are 
integer. The singularity may be due to the presence of an infinite tower of stable 
BPS dyons that collapse to vanishing mass and size in the supcrconformal phase or 
to a gas of instantous of small size from the Euclidean viewpoint. This problem is 
under active investigation [110]. 



^This expression has been obtained by Yassen Stanev starting from a different but equivalent 
formula for Q{xpq). 
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4.6 Eight- and sixteen-point correlation functions 
of current bilinears 

In this section the one-instanton contribution to correlation functions of sixteen fer- 
mionic bihnears and of eight gaugino bihnears S"^^ in the current supermultiplet 
will be calculated in the semiclassical approximation. The expressions obtained will 
be reconsidered in the next chapter and a comparison will be made with D-instanton 
effects in type IIB superstring theory compactified on AdSs x S^. 

4.6.1 The correlation function of sixteen fermionic currents 

As could have been anticipated, it is particularly simple to analyze the contribution 
of the Yang-Mills instanton to the correlation function of sixteen of the fermionic 
superconformal current bilinears, A^ = tr i^a^'' F~j^Xp^^ , 

16 

GK^.{x,) = {Y[g'ktl{x,)),^,, (4.53) 
p=i 

Since each factor of A in the product provides a single fermion zero mode it is nec- 
essary to consider the product of sixteen currents in order to saturate the sixteen 
Grassmannian integrals. To leading order in g, Gj^ie does not receive contribution 
from anti-instantons. The leading term in the one-instanton sector is simply obtained 
by replacing each with the instanton profile F^i, (equation (4.10)) and each A^"^ 
with the corresponding zero mode, A^^^ 

Afo). = \P>^^<'^^ {p^4 + - ^o)m^;/''') ■ (4.54) 



The resulting correlation function thus has the form 

)62q16 . .„ r 



Gi^eixp) = g^'e ^ J — -5 — y d 77d e • 

16 r 4 ^ 



(4.55) 

p=l 

The integration over the fermion zero modes leads to a sixteen-index invariant ten- 
sor, tiQ, of the product of the SU(4) and Lorentz groups. Assembhng the 16 fer- 
mionic collective coordinates into a sixteen-dimensional spinor tiQ would simply read 
^aia2...ai6 ^ ^aiaz-aie^ ^j^^ Qi = 1, 2 . . . 16. Further integration over the instanton 
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moduli space would determine the dependence on the coordinates Xp. However, for 
the purpose of the comparison with the corresponding expression obtained in the 
type IIB string theory in AdSs x S^, that will be discussed in the next chapter, it is 
sufficient to leave the expression in the unintegrated form (4.55). 

4.6.2 The correlation function of eight gaugino bihnears 

In a similar fashion it is easy to deduce the one-instanton contribution to other related 
processes, such as the eight-point correlation function, 

Ges{xp) = {g'E^^^^{x^) . . . g'£^^^^{xs)),^, , (4.56) 

which also saturates the sixteen fermionic zero-modes present in the SU(2) one- 
instanton background. To leading order in g, Gga does not receive contribution from 
anti-instantons. The complete non-abelian expression for E"^^ was given in equation 
(2.19) and reads 

E^B ^ A-^A,,/ + gh,, , (4.57) 

but at leading order in the gauge coupling constant only the term proportional to 
the gaugino bilinear is relevant. In the instanton background the gaugino bilinear is 
given by 

A(o)A(o).„ -^(^. + (,_,^).)4C Ca . (4.58) 

Then it follows 



GeB{xp) = g e ^ J — — I d rjd i 



n 

p=i 



(Po + (^P - ^o)^) VPo 



(4.59) 



The integration over the fermion zero modes leads to an SU(4) invariant contraction 
of the sixteen-index tensor t^Q defined after (4.55) and further integration over the 
instanton moduli space would determine the exact dependence on the coordinates 
Xp. Again the unintegrated expression (4.59) is sufficient for comparison with the 
D-instanton contribution to the corresponding AdS5 x amphtude that will be 
considered in the next chapter. 
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4.7 Generalization to arbitrary and to any K 
for large 

In the previous sections instanton calculus in Af—A supersymmetric Yang-Mills theory 
with gauge group SU(2) in the K—1 sector have been presented following [89]. These 
results have been extended to the case of SU(A'") for generic N in [90] and to arbitrary 
instanton number in the large N limit in [91, 92]. These extensions are of fundamental 
importance for the re-interpretation of the results of this chapter in the context of the 
AdS/CFT correspondence that will be discussed in chapter 5. In this section the main 
steps of the extensions of [90, 91, 92] will be briefly reviewed. The generahzation to 
N > 2 is rather straightforward, on the contrary instanton calculus in sectors K > 1 
presents an enormous increase of computational complexity. The formalism for multi- 
instanton calculations (ADHM formahsm) has been developed in [101, 102, 103, 104, 
105] and a review of the apphcation of these techniques to SU(A^) supersymmetric 
gauge theories can be found in [113]. As has been explained in [91, 92] there are 
remarkable simplifications in the ADHM formalism in the large N limit. 

Since for a gauge group SU(A^) there are 2A'" • J\f gaugino zero modes in the 
one-instanton background it might appear from a superficial analysis that the A^^- 
correlation function should vanish ior N > 2. However it has been argued in [89] and 
then clearly shown in [90] that only the sixteen 'geometric' (8 supersymmetric + 8 
superconformal) zero-modes are actually relevant in the general case of SU(A^), since 
all the remaining ones, /if, Jif, are 'lifted' by a four-fermion term that is generated 
in the one-instanton action. The instanton action computed in [90] has the form 

•^^n. = ^ + , (4.60) 

where S^-p contains a quartic fermionic interaction built up with the 8(A^ — 2) ad- 
ditional fermionic collective coordinates. The exact form of S^^ in the K=l sector 



IS 



'^4F ~ 1^9 9 ^ABCD 



'TV- 2 



'N~2 



(4.61) 



j=i 

is supersymmetric and lifts all but the 16 'geometric' gaugino zero modes. 

For definiteness in the following the attention will be focused mainly on the A^^ 
correlator, that is studied in [90]. In the case of SU(A'") there are additional zero- 
modes contributing to X{Q)a^ in (4.54). However these are lifted by (4.61) and the 
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lowest order contribution in the one-instanton background is still obtained by sub- 
stituting (4.54) in each factor of A. As a result the expression for the A^^-correlator 
reviewed above for the case N—2 is actually true for all N, apart from an overall 
A'"-dependent factor 



16 r 4 



(4.62) 



where is a A^-dcpcndent constant determined by the norms of the bosonic and 
fermionic zero-modes. To completely determine the dependence on N one must still 
compute the integrals over [if and 'Jlf 



4 Ar-2 



= / n n dl^t^^te-'^- . (4.63) 

A=l i=l 

In computing the last integral it is convenient to perform a Hubbard- Stratonovich 
transformation of the fermion bilinears and represent S^j^ as a Gaussian integral 
over auxiliary bosonic 'collective coordinates' Xab [90]- conclusion one finds the 
following overall dependence [90] 

Gl,{xp)r^^/NGJ,,e{xp), (4.64) 

where G^i6{xp) is the expression valid in the N—2 case. This factor of y/N will be 
of relevance in the next chapter for the comparison with D-instanton effects in type 
IIB superstring theory. 

The generalization to multi-instanton sectors in the large N limit, as derived in 
[91], is much more involved and would require an extended discussion, so only the 
basic ideas will be summarized here. A detailed report on the construction can be 
found in [92]. The moduli space of a SU(A^) X-instanton configuration, known as 
ADHM moduh space, has a very complicated structure for generic A^. In [91, 92] it 
has been proved that in the large N limit it is dominated by K instantons living in K 
mutually orthogonal SU(2) subgroups of SU(A^). Then a saddle point approximation 
is used to show that the geometry is actually described by (AdSs x S^)^, where in each 
factor AdSs is parameterized by the positions and sizes of the K instantons, {xq^, p*), 
i — 1, . . . ,K, and by the auxiliary bosonic coordinates, Xab^ introduced in the 
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Hubbard-Stratonovich transformation. Moreover the integrations in the vicinity of 
the large N saddle point generate an attractive potential which actually forces all 
the K instantons to a single point reducing the moduli space to a single copy of 
AdSs X [92]. Finally the small fluctuations about this reduced moduh space 
describe the dimensional reduction of SU(i<') jV=l super Yang-Mills from d—10 to 
d—0+0, so that the X-instanton measure in the large N limit factorizes into the 
product of the measure on AdSs x times the partition function Zk for the SU(i<') 
(0+0) -dimensional theory. In conclusion, after evaluating Zk, see [114, 115, 116, 117], 
one obtains for a n-point correlation function like those considered in this chapter an 
expression of the form [92] 



where the sum is over the divisors of K and the function F„(xp) is independent of K. 




(4.65) 



d\K 



Chapter 5 

AdS/SCFT correspondence 



The remarkable proposal suggested by Maldacena in [38] of a correspondence relating 
type IIB superstring theory in AdS5 x to N'—A super Yang-Mills theory has led to a 
great renewal of interest in the latter. According to the formalization of Maldacena's 
original idea given by Gubser, Klebanov and Polyakov [118] and by Witten [119] 
Af—A supersymmetric Yang-Mills theory in the superconformal phase is dual to type 
IIB superstring theory in AdSs x in the sense that correlation functions of Yang- 
Mills gauge invariant composite operators can be derived from the computation of 
amphtudes in the compactification of the type IIB superstring on AdS^ x S^. The 
precise interpretation of this duality will be discussed later. 

More generally the main idea of [38] is that type IIB superstring theory in 
AdS(i+i X M, where M is a compact manifold with positive curvature, should be 
equivalent to a (super) conformal field theory living on the d-dimensional boundary 
of AdS(i+i. In this respect the proposed correspondence is holographic in the sense 
of [120, 121]. 

Moreover in the case of superconformal field theories with gauge group SU(A'") 
Maldacena has argued that the large N limit should be equivalent to the supergrav- 
ity approximation to the AdS compactification of the type IIB superstring. This 
consideration makes the proposed duality particularly intriguing because it has long 
been believed that the large N behaviour should be crucial in the understanding of 
the non-perturbative dynamics of non Abelian gauge theories [122]. 

Non trivial checks of the suggested correspondence have been obtained in the large 
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N limit, i.e. employing the supergravity approximation, both at the perturbative and 
at the non-perturbative level. However very little has been said about the extension 
to finite N and the role of string corrections, although arguments have been developed 
supporting the vahdity of the correspondence for finite N as well. 

The computation of four-point functions in the context of the AdS/SCFT corre- 
spondence has also allowed to point out peculiar behaviours in Green functions of the 
(super) conformal field theories under consideration at short distances. Four-point 
functions develop logarithmic singularities in the limit of coincident points. This kind 
of behaviour has already been shown in the instanton contribution to a four-point 
function in M—^ super Yang-Mills theory in section 4.5. Analogous results have 
been observed by various authors in Green functions computed from supergravity 
amphtudes in AdSs x S^. 

Most of the work on the AdS/CFT correspondence has concentrated on the case 
of AdSs X which is related to M—^ super Yang-Mills. However considering the 
compactification of the type IIB superstring on AdS^+i x M^^^, with M^_d a different 
compact manifold, one can study superconformal field theories with less supersym- 
metry. This is a very interesting subject for future developments. In particular the 
possibility of generalizing the results to non-supersymmetric theories would be of 
great relevance. 

Some recent reviews on the subject can be found in [123] . 

The chapter is organized as follows. In section 5.1a very brief introduction to type 
IIB superstring theory and to its low energy supergravity limit is given. The concept 
of D-branes, that has played a crucial role in Maldacena's construction, is recalled in 
section 5.2. The original conjecture of [38] together with the successive formahzations 
are reviewed in section 5.3. The results by various authors in the computation of two- 
and three-point functions are reported in section 5.4, while section 5.5 contains a 
discussion on four-point functions. The remaining sections report on original results 
in the comparison between instanton effects in J\f—^ super Yang-Mills theory and 
D-instanton contributions to amplitudes in type IIB superstring theory, following 
[89]. 

5.1 Type IIB superstring theory: a bird's eye view 

After their introduction in the late sixties in the context of "dual models" for the 
description of hadronic processes, string theories have emerged as a prime (and up 
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to now unique) consistent candidate for a unified theory of fundamental interactions 
including gravity. 

A form of the action describing the motion of a string in d-dimensional Minkowski 
space-time that is suitable for quantization has been proposed in [124, 125] 

-5p = ^ ^ dadr ^^"^daXi'd.X^ , (5.1) 

where X^^ — X^^{a, r) are the coordinates of the string which give the embedding of 
the two-dimensional surface spanned by the string (worldsheet) into the d-dimensional 
space-time (target space), a' is a parameter with dimension (mass)~^, related to the 
string tension T by T = -^^^ and 7"^ is the two-dimensional metric. 

Roughly speaking the quantization of the bosonic string is achieved by expanding 
in normal modes the solution of the classical equations of motion which follow from 
(5.1) and interpreting the coefficients of the expansion as creation and annihilation 
operators. For open strings this gives rise to a spectrum made of a tachyon with mass 

— —-^ and a massless vector plus an infinite tower of massive states, with masses 
proportional to For closed strings one obtains, beyond the tachyon and a tower 
of massive states, a rank two tensor, which decomposes into a symmetric traceless 
tensor, an antisymmetric tensor and a scalar. 

The presence of tachyons in the spectrum of bosonic string theories is very prob- 
lematic. An interesting extension is represented by superstring theories, in which 
worldsheet supersymmetry is obtained by supplementing the bosonic fields X'^{(t,t) 
with their superpartners, ^'^(cr, r), that are two dimensional Majorana spinors and 
space-time vectors. Superstring theories are consistently formulated in ten space-time 
dimensions and, as will be briefly discussed, possess a spectrum of states including a 
finite set of massless states plus an infinite tower of massive states, but no tachyons. 

The observation that two-dimensional gravity is conformally invariant at the clas- 
sical level is the key point that allows to exploit the powerful tools of conformal field 
theory to describe the dynamics of the string. This is achieved by mapping the string 
worldsheet to the complex plane through (a, t) ^ z — e'^+*'^ and introducing bosonic 
and fermionic coordinates for the string as functions of z and 'z. The quantization 
is then performed employing a BRS formalism to identify the physical states in the 
Hilbert space generated by "vertex operators" . However since the aim of this section 
is to briefly review the basic ingredients of superstring theories (particularly the type 
IIB superstring) the more intuitive formalism of oscillators will be used. 
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The supersymmetric generalization of (5.1) is 

where are worldsheet Dirac matrices, is a Rarita-Schwinger field, the worldsheet 
gravitino (superpartner of ^ah)-, which is a space-time scalar. Exploiting worldsheet 
superconformal symmetry one can put the action in the form 

-5 = ^ y {d^X^d.X^ - tijL ■ d+iJL - i^R ■ d.^Pn] , (5.2) 

where + and — indices refer to light-cone coordinates, a± — t ± a. The equations of 
motion coming from (5.2) lead to an expansion of X^ and ip'^ in terms of independent 
left- and right-moving oscillation modes for closed strings. For open strings imposing 
Neumann (free) boundary conditions makes left- and right- moving degrees equivalent, 
so that roughly speaking the open string has half the degrees of freedom of a closed 
string. 

The coordinate a is taken in the range [0, 27r] and is periodic; for the fields ipL,R 
there are two consistent boundary conditions, either periodic, giving rise to the so 
called Ramond sector (R), or antiperiodic, corresponding to the Neveu-Schwarz sector 
(NS). 

The solution of the equations of motion can be written schematically in the form 

dX^ = ^ a^l„e'"(^+'^) (5.3) 

n 
n 

and analogously for the right-moving part. The sum in (5.3) is over integer n, while 
for the fermions in (5.4) n takes integer or semi-integer values in the R and NS 
sectors respectively. The zero-modes in the expansion of dX^ correspond to the 
momentum of the center of mass of the string, Pl — Pr — P- For the fermions there 
are only zero-modes in the R sector that satisfy a Chfford algebra. The ground state 
of the quantum theory is constructed acting with the creation operators associated 
with the zero-modes on the trivial vacuum. It is a S0(9,l) spinor in the R sector and 
a (tachyonic) scalar in the A^-S" sector. A generic state in the spectrum of the string 
is of the form 

a^ii; . . . V'-;:: . . . a) ® a^;;^ . . . V'^:;-, . . . |P«, 6) , 
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where conventionally the negative modes are taken as creation operators and a and 
b refer to the choice of the spin ground state in the R sector. The states are built 
considering separately the NS and R sectors for left- and right-moving degrees of 
freedom and then combining them. For the left-movers for instance this construction 
leads to a tachyonic ground state in the NS sector, while the first higher mass state is 
a massless vector. In the R sector the ground state corresponds to massless fermions. 
The correct way of dealing with tachyons was worked out in [36], where a prescrip- 
tion, known as GSO projection, was given which leads to space-time supersymmetric 
string theories, containing no tachyonic state. In the NS sector the GSO projection 
eliminates the tachyon and leaves with a massless vector, while in the R sector it 
produces a spinor with definite chirahty. Denoting, after the GSO projection, by v 
the NS ground state and with s and s' the spinors with opposite chirality of the R 
sector one has the following possibilities. If the GSO projections on L and it! mov- 
ing degrees of freedom are different one gets the type IIA superstring theory, which 
has space-time supersymmetry J\f— (1,1) and is non chiral, whereas using the same 
projection on the L and R parts gives the type IIB string theory, which has J\f— (2,0) 
supersymmetry and is chiral. In particular for the type IIB theory, on which the 
attention will be focused in the following, the massless bosonic degrees of freedom 
are obtained combining 

NS (8) NS i — > V (g) V 

or 

R® R < — > s (g) s , 
and correspond to the following field content 

NS0NS M {g^,, B^,, 0) 

where g^j^i, is a rank two symmetric traceless tensor (the graviton), and B'^^^ 
antisymmetric tensors, a scalar (the dilaton), x ^ pseudoscalar (the axion), and 
C(^) a four-form with self-dual field strength, F^^) = dC^^^ = {*F)^^\ Prom the 
mixed sectors {R NS and NS (g) R) one obtains the fermionic superpartners of the 
previous fields. 

The low energy effective description of type IIB superstring theory, constructed in 
terms of the above fields, is type IIB supergravity in ten dimensions, which has chiral 
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Af={2,0) supersymmetry. There are subtleties in writing down a covariant action for 
the model because of the self duality constraint on the four form field strength. The 
covariant equations of motion of the theory have been derived in [126]. Combining 
the NS <Si NS scalar and the R<Si R pseudoscalar into a complex field r, 

T = Ti+iT2 = x + ) (5-5) 

and denoting by Hi and H2 the field strengths of the NS (8) NS and R^R two forms, 
the low energy action of type JIB supergravity can be written, in the Einstein frame, 
in the form 

^ " ,2 



'IIB 



2k^ 

1 



^/ d''X^!^R-^^dj,rd^r+iF^'^^y 

where Kq is the ten-dimensional Newton constant {kq ~ (tt')^)- (5-6) the dots stand 
for higher derivative terms and the fermionic fields have not been displayed. Here 
and in the following capital Greek letters refer to fiat ten-dimensional space-time. In 
(5.6) the notation (F*^^^)^ is schematic, since a covariant kinetic term for the R(^ R 
4-form cannot be written down naively because of the self-duality constraint. The 
correct way to deal with this problem was described in [127]. The classical action is 
invariant under SL(2,]R) transformations that act projectively on the complex scalar 
r. Under the SL(2,]R) group the NS (E) NS and R (E) R antisymmetric tensors form 
a doublet. The scalar r parameterizes the cosct space SL(2,R)/U(1)b, where the 
U(1)b is an anomalous R-symmetry acting on the fcrmions. In particular the left 
chirality gravitino carries charge +| under this symmetry and the right- chirality 
dilatino present in the type IIB spectrum has charge +|. At the quantum level the 
continuous SL(2,]R) symmetry is expected to be broken to SL(2,Z) [128]. 

For the calculations presented in the following the only relevant terms in the 
effective action are those involving only derivatives of the metric apart from some 
overall function of the complex scalar. For future purposes it is useful to write these 
terms in the string frame that is related to the Einstein frame by a Weyl rescaling 

The leading terms in the derivative expansion that will be considered take the form 
[114] 

{a')-' J d''X^ [e-'^R + K{a'fU{T, f)e-^''n'] . (5.7) 
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where k is a numerical constant. The Riemann curvature enters the TZ'^ factor in a 
manner that may be most compactly described by writing it as an integral over a 
sixteen-component Grassmann spinor, 



which only includes the Weyl tensor piece of the Riemann tensor. Here, p^^^^^^ 
are the totally antisymmetric products of three ten-dimensional F-matrices and the 
Grassmann parameter (a = 1, ■ ■ ■ , 16) is a chiral spinor of the ten-dimensional 
theory. This expresses TZ'^ as an integral over half of the on-shell type IIB superspace. 

Beyond these terms there is a sixteen-dilatino term in the effective action that 
is related to the TZ"^ term by supersymmetry and will play a central role in the 
comparison with the results of instanton calculus presented in the previous chapter. 
The sixteen fermion interaction reads [129, 130] 



where the complex chiral dilatino has been denoted by A and the interaction is 
(totally) antisymmetric in the sixteen spinor indices. The properties of the modular 
functions /4(r, r) and /i6(t, t) in equations (5.7) and (5.8) will be discussed later. 
They receive both perturbative corrections and non-perturbative contributions from 
D-instantons [114]. The latter will be related to instanton effects in A/'=4 super 
Yang-Mills theory. 



The perturbative spectrum of type II (A and B) superstring theories does not contain 
states charged with respect to the fields in the i? (8) i? sector [131]. However the 
flurry of work on string dualities during the last years has lead to a much deeper 
understanding of non-perturbative aspects of string theories, changing dramatically 
the scenario which was established at the perturbative level. 

Prom a low energy viewpoint the existence of solitonic solutions of the super- 
gravity equations of motion has been known for a long time [132]. These solitonic 




where 



Re^ = er^i^^^e of^^^^aO Rmam, , 




(5.8) 
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configurations describe extended objects, p-branes, that are naturally coupled to the 
R<Si R forms and their duals. The role of these non perturbative states in the fun- 
damental string theory has been clarified by Polchinski [133] through the concept of 
D-branes. 

A p-brane is p-dimensional object, whose world-volume is p -|- 1-dimensional. It 
naturally couples to a l)-form, C^+^\ through an action of the form 




where Vp+i is the world- volume of the brane. In d space-time dimensions the corre- 
sponding "electric" charge would be 

The magnetic dual of ap-brane is a (d— p— 4)-brane, which couples to a (d— p— 3)-form 
and carries "magnetic" charge 

Qm= [ dC^P+'^ . 

In particular in the case of the type IIB theory in the R® R sector there is a 
scalar, the axion x, i.e. a zero- form (7^°^ = x, a rank two anti-symmetric tensor, 
B'^^, i.e. a two-form C^^^ and a four form C^^^. Coupled to C^°^ one has a (-l)-brane 
which is an object localized in space-time, i.e. an instanton in Euclidean space-time. 
Effects of D-instantons in type IIB superstring theory will be discussed later. The 
two-form couples to a one-dimensional object, a D-string that should not be confused 
with the fundamental string which couples to the NS ® NS two-form. Finally there 
is a 3- brane charged with respect to the four-form C^^\ Moreover one can consider 
the corresponding magnetically dual objects. 

Starting from the type II supergravity action, extremal {i.e. saturating a BPS 
bound) solitonic configurations with the previously discussed properties can be con- 
structed assuming that only the metric g^^, the dilaton and a p -|- 1 form are 
non- vanishing. The ansatz that one considers for these fields is 

e'^^^^dx^ + e'^^^Uf 
0(r) 



ds" = 
<{p+i) _ 

01. ..p — 
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where the ten-dimensional coordinates are spht into longitudinal {x^, /i — 0,1, . . . ,p) 
and transverse (y*, i — p . . . ,9) coordinates and = The solution of the 
supergravity equations can be written in terms of a single harmonic function Hp{r), 
i.e. a solution of the Laplace equation in the 9 — p transverse dimensions, 

where dp IS ci constant with dimension ^, related to the charge carried by the 
p-brane. The p-brane solution is (in the Einstein frame) 

ds" = [Hp{r)]-^ dx'' + [Hp{r)]-^ df (5.9) 
C£!.?(r) = [H,{r)]-^-l (5.10) 
g20W ^ [Hp{r)f^ . (5.11) 

Notice in particular that in the case of a 3-brane the dilaton reduces to a constant. 
The solution simplifies in the string frame where the metric becomes 

ds^ = [Hp{r)]-'^ dx^ + [Hp{r)]^ df . 

It can be proved that these solitonic solutions are BPS saturated and preserve 
one half of the supersymmetries of the original fiat background, i.e. 16 supercharges 
out of 32. This imphes for instance that there exist a relation between the mass and 
charge of the solitons. 

Many of the recent developments in string theory have been made possible by the 
suggestion [133] of a way to incorporate the above solitonic objects into type II string 
theories, see [134] for a review. 

The solitonic p-branes are introduced in the microscopic string theory in relation 
with a (Dirichlet) open string subsector. More precisely one introduces Dirichlet 
p-branes (or Dp-branes) as p-dimensional hyperplanes where open strings can end, 
satisfying Neumann (standard) boundary conditions on the p longitudinal coordinates 
X^, fj, — 0, . . . ,p — 1 and Dirichlet (fixed) conditions on the remaining transverse 
coordinates X'^, m — p, . . . ,9. D-branes defined in this way can be seen as 'topolog- 
ical defects' where open strings can end. These hyperplanes are actually dynamical 
objects, whose elementary excitations are described by the open strings attached 
to them. These open strings can be consistently introduced in type II superstring 
theories, without considering 'standard' open strings propagating independently in 
the target space. There are various arguments that lead to identify D-branes with 
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the solitonic p-branes of type II supergravities. For instance considering two parallel 
D-branes their interaction is mediated by the exchange of closed strings and one can 
prove that this results in a vanishing total force just like for example is found for a 
monopole pair. Furthermore it can be shown that the boundary conditions imposed 
on the open strings ending on the D-brane break half the supersymmetries, so that 
the D-branes are BPS saturated objects. 

The dynamics of D-branes, in a microscopic string theory perspective, is described 
by the open strings attached to the brane. Comparing the effective world-volume 
dynamics of the D-brane with the dynamics of solitonic p-brane solutions in the 
moduli space approximation one can find further evidence for the identification of 
the two. 

The massless spectrum of the subsector of open strings attached to a p D-brane 
is a maximally supersymmetric U(l) gauge theory in p -|- 1 dimensions. The effec- 
tive world- volume degrees of freedom of a p D-brane correspond to the dimensional 
reduction of a M—1 vector multiplet from d—lQ to d — p This gives rise to a 
supersymmetric Maxwell theory (with sixteen supercharges) including 9 — p scalars, 
one vector and their superpartners. 

Considering N D-branes one can have also open strings stretched between them. 
They describe the exchange of massive vector states. There are N"^ ways of stretching 
the strings among the branes. In the limit in which the N D-branes are taken to 
coincide these N'^ different states become massless. The symmetry is enhanced to 
U(A^) and one is left with an effective U(A'^) Yang-Mills theory in which the N'^ vectors 
form the adjoint. In general the relative separations among the branes determine the 
expectation values of the 9 — p scalars in the effective theory. 

In particular in the case of a collection of N coincident D3-branes the world- 
volume effective action is a U(A'") supersymmetric Yang-Mills theory with sixteen 
supercharges in d—A, i.e. the M—^ super Yang-Mills theory with gauge group U(A'") ^. 



^Actually there is a U(l) factor that describes the center of mass motion and decouples, so that 
the gauge group is SU(-A/') [135]. 
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5.3 The AdS/SCFT correspondence conjecture 

In the case of D3-branes the solution for the metric yields (in the string frame) 





2 


r L^i 


1 + 71 


dx'^ + 


1 + 



df, (5.12) 



where {x'^, y') are the previously introduced Cartesian coordinates and L is a length 
scale. As already noticed in the case of a D3-brane the dilaton is constant, = 
and determines the string coupling constant 



9s = 



Considering a D3-brane configuration with A'^ units of i? (8) i? 5-form field strength, 
i.e. a configuration of N coincident D3-branes, the length L is 

= AngsNa'^ . (5.13) 

The key observation which led Maldacena to the formulation of the AdS / CFT corre- 
spondence conjecture [38] is that the metric (5.12), in the "near horizon" limit r ^ 0, 
reduces to 

ds^ ^ — (dx-dx + dp^) + dujl , (5.14) 

where = ^ and dLo"^ is the spherically symmetric constant curvature metric on 
a 5-sphere, which is the metric of the AdSs x space. In (5.14) L is the radius 
of curvature of both the 5-sphere and the AdS factor. The D3-brane metric can be 
viewed as a solitonic configuration interpolating between two maximally supersym- 
metric backgrounds, the near horizon AdSs x 5"^ and flat ten dimensional Minkowski 
space-time at infinity. 

Maldacena has argued, on the basis of previous results in the context of the 
description of black holes by D-branes [136], that the region that should be identified 
with the Yang-Mills low energy description is the "throat", i.e. the region r <S 
L, in the D3-brane metric (5.12). See [137] for related work. This leads to the 
conjecture that M—^ supersymmetric Yang-Mills theory should be dual to type IIB 
superstring theory compactified on AdSs x S^. The original conjecture relates type 
IIB supergravity to SU(A^) M—^ super Yang-Mills in the large A^ hmit. This is 
related to the fact that the limit 515 <^ 1 at large length scale with respect to the 
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string scale, -S^ <S 1, in which one can trust the supergravity approximation, requires 
N ^ oo with 'inQsN fixed and large. The correspondence relates the complexified 
Yang-Mills coupling constant to the one of the type JIB superstring in AdSs x by 

5. = ^, Xo = |^, (5.15) 

4:71 ZTT 

where Xo is the constant R ^ R scalar and from now on the Yang-Mills coupling 
constant and vacuum- angle will be denoted respectively by ^^ym ^ym- 

This implies that the large N limit of relevance here coincides with the large 
limit considered by 't Hooft in [122], with the effective coupling g = g^^ N"^ fixed at 
a large value. 

The AdSs space has constant negative curvature and possesses a boundary that 
is the four dimensional Minkowski space ^. According to Maldacena's proposal, the 
boundary of AdSs, which corresponds to p ^ 0, z.e. r ^ cxo in the notation of (5.14), 
is exactly the location of the A/"=4 theory and the boundary values of the bulk 
supergravity fields act as sources that couple to gauge-invariant composite operators 
in A/'=4 super Yang-Mills theory. The correct interpretation of this statement has 
been explained in [118, 119] and will be discussed soon. 

The AdS5 x background is characterized by the non-vanishing fields, 
_ 1 _ 1 

^MNPQR ~J^^ MNPQR ^MNPQ J^2 \9mp9nQ 9mq9np) 

P'mnpgr — ~^^mnpqr Rmnpq ~l~ ^9mp9nq 9mq9np) i 

where upper case Latin indices, M,N, - ■ ■ — 0, 1, 2, 3, 5, span the AdSs coordinates 
and lower case Latin indices, m,n,--- — 1,2,3,4,5 span the coordinates. The 
only non- vanishing components of the Ricci tensor are 

4 4 

RmN = —J29MN Rmn = +-^5'mn ■ (5.16) 

Upon contracting (5.16) with the metric tensor it follows that the total (5-1-5)- 
dimensional scalar curvature vanishes. The Weyl tensor, defined in d-dimensional 
space-time as 

— ^ [Rij.v9va + (3 terms)] + 



^Actually this is better understood considering the Euchdean version of the AdS5 space, see [119] 
for a detailed description. 
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vanishes as well in AdSs x because of the conformal flatness of the metric. 

This background is maximally supersymmetric (just like the Minkowski vacuum) 
so there are 32 conserved supercharges, that transform as a complex chiral spinor of 
the tangent-space group, S0(4,l) xS0(5). In the basis where the ten dimensional Fa 
matrices are given by Vm — (T\® 7m ® I and = (72 (8) I <8) 7^, the supersymmetries 
are generated by the Killing spinors that satisfy 



which follows from the requirement that the gravitino supersymmetry transformation 
should vanish. In this basis the complex chiral supersymmetry parameters read 



where C± are complex four-component SO (4,1) spinors and k± complex four-component 
SO (5) spinors, satisfying 



Strong support to the conjecture comes from symmetry considerations. AdS5 
has a SO(2,4) isometry group which is to be identified with the four-dimensional 
conformal group in the boundary theory. The isometry group of the factor is 
SO(6)~SU(4) and is related to the SU(4) R-symmetry group of the A^=4 Yang-Mills 
theory. Including the associated fermionic generators the super-isometry group of the 
type IIB background (5.14) is exactly the superconformal group SU(2,2|4) of A/'=4 
super Yang-Mills in four dimensions. Moreover the SL(2,Z) S-duality group that 
is conjectured to be preserved in the type IIB superstring at the quantum level is 
identified with the (conjectured) exact S-duality symmetry group of four dimensional 
SU(A^) J\f—4: Yang-Mills theory. The former is connected to the existence of an 
infinite set of stable dyonic BPS string sohtons [128], the latter to the existence an 
infinite set of stable dyonic BPS states [72], as discussed in chapter 2. 

The spectrum of excitations of the maximally supersymmetric compactification of 
the type IIB superstring on the AdSs x background, first considered in [126] , was 
studied in great detail in [138, 139]. The map that associates fields in the multiplet 
of type IIB supergravity to the corresponding operators in M—^ super Yang-Mills 



i^Ae-— ((7i«)I(8)I)FAe = 0, 



(5.17) 
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has been worked out in [140, 141, 142]. States in the spectrum of d—b J\f—S gauged 
supergravity admit a natural classification in terms of spherical harmonics on the 
5-sphere. In the conjectured correspondence the lowest lying states, assembled into 
the Af—8 gauged supergravity multiplet, couple to the supermultiplet of super Yang- 
Mills currents, equations (2.17) and (2.18), that are "bilinear" in the elementary 
Yang-Mills fields. Higher i spherical harmonics, i.e. Kaluza-Klein (KK) descendants 
of the supergravity fields, couple to other "chiral primary fields" , that correspond to 
"^th-order" gauge-invariant polynomials in the elementary super Yang-Mills fields. 
Moreover, stable string excitations that couple to non-chiral primary fields are needed 
for the closure of the operator algebra [143] . Despite some interesting progress [144] , 
a useful worldsheet description for the type IIB superstring in AdS^ x is still 
lacking. Nevertheless the stringy truncation of the KK spectrum to £ < N seems to 
be a robust result that matches with the naive expectations on the super Yang-Mills 
side. 

The explicit connection between the bulk theory and the boundary theory has 
been given a precise formulation in [118, 119]. The partition function of the type IIB 
superstring, computed with suitable boundary conditions on the four-dimensional 
boundary of AdS5, plays the role of generating functional for connected Green func- 
tions of gauge-invariant composite operators in Af—A Yang-Mills theory. More pre- 
cisely one identifies 



where Zjjg[J] is the partition function of the type IIB superstring, evaluated in terms 
of the bulk string fields, which is computed with prescribed boundary values J for 
the fields. Elementary fields of the J\f=4: super Yang-Mills theory on the boundary 
are denoted by A and 0{A) are gauge-invariant composite operators to which J(x)'s 
couple. 

The left hand side of (5.18) is computed performing the functional integration 
over the bulk fields ^{z;uj), where u are the coordinates on and = {x^,p) 
{M = 0, 1, 2, 3, 5 and = 0, 1, 2, 3) the coordinates on AdSs (p = is the coordinate 
transverse to the boundary) 



In (5.19) the notation $(2;; a;) refers collectively to the 'massless' supergravity fields. 




(5.18) 




(5.19) 
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their Kaluza-Klein descendents, and possibly the string excitations. The functional 
integral depends on the boundary values, J(x), of the bulk fields. 

The exact map which associates fields in the type IIB compactification with op- 
erators in M—^ super Yang-Mills theory is dictated by the matching of quantum 
numbers corresponding to the previously discussed global symmetries. Furthermore 
the conformal dimension, A, of a Yang-Mills operator O is related to the AdS 'mass' 
m of the corresponding supergravity field. For instance in the case of scalar operators 
the relation is 

{mLf = A(A - 4) , (5.20) 

where only the positive branch of A± = 2 ± •\/4 + (mL)^ is relevant for the lowest- 
'mass' supergravity multiplet. 

As already remarked in the Kaluza-Klein reduction of type IIB supergravity on 
the states are classified expanding the ten-dimensional fields in spherical harmonics 
on the 5-sphere. This procedure generates an infinite tower of states with spins up to 
2. The masses of the states associated with single modes and their behaviour under 
the SO (2,4) isometry group of AdSs are determined by solving the corresponding 
linearized equations of motion [139]. 

Alternatively the Kaluza-Klein excitations of all the fields in the type IIB gauged 
supergravity can be constructed, using the Killing spinors defined in equation (5.17), 
from the modes of the massless singlet dilaton e'^. The construction is rather involved 
and will be briefiy sketched only for fields that will be relevant in the following. 

One obtains a classification of the states according to the representations of the 
isometry group of AdSs x S^, which adding the associated fermionic generators be- 
comes SU(2,2|4). In particular the mass of the states is identified with the eigenvalue 
of one of the generators of SO (2,4). This allows to construct a map which relates each 
field in the supergravity multiplet to the corresponding composite operator in H—^ 
super Yang-Mills theory by matching the SU(2,2|4) quantum numbers (recall that 
on the super Yang-Mills side SU(2,2|4) is the jV=4 superconformal group). Notice 
that since the states in the supergravity multiplet as well as their KK descendants 
have spins not larger than 2, they belong to short multiplets of SU(2,2|4). 

The massless dilaton is associated with the constant mode on S^, i.e. with the 
scalar spherical harmonic Y^(a;) with I — {). Also at the £ = level there is the 
five-dimensional graviton, describing the excitations of the AdSs metric. The other 
scalars in the supermultiplet are associated with excitations on the 5-sphere, i.e. they 
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have ^ > 0. In particular there are real scalars Q'^^ with mass rri^ — —-^ \n the 20]r 
of the SO{&) isometry group of S^. They result from a combination of the trace of 
the internal metric and the self-dual R® R five-form field, F^^\ with 1 — 2 (Q^^ are 
quadrupole moments oi S^). The trace part of the metric fluctuations can be written 
in the form 

16 

SguN — -Tzf^MN Sgmn — f^mn , 

10 

where / = f{z,u!). Analogously for the R® R 4- form one gets 

AmNPQ = —-^^MNPQrV^J Ajnnpq = —-^^mnpqr^^f ■ 

The relation with the scalar fields Qij{z) is of the form 

f{z,uj) = Qij{z)Y^'i^{uj) . 

Similarly the complex scalars E^^ with mass — their conjugates are 

associated with the pure two-form fluctuations with ^ = 1 of the complexified anti- 
symmetric tensor, constructed from the R <Si R and A'^-S' (8) NS two-forms, in the 
internal directions. The massless vectors vj^^^ in the 15, that gauge the S0(6) isome- 
try group, are in one-to-one correspondence with the Killing vectors of and result 
from a linear combination with £ — 1 of the mixed components of the metric and 
the internal three- form components of the R <Si R four-form potential, C^^\ The 6 
complex antisymmetric tensors B^^f) with = that have peculiar first order 
equations of motion, result from scalar spherical harmonics with £ — 1. The analysis 
of the fermions is similar. The dilatini A"^ in the 4 of SO (6) are proportional to the 
internal Killing spinors k+ and have mass = — They play a central role in the 
comparison between the effects of instantons in M—A Yang-Mills and D-instantons in 
type JIB string theory that has been carried out in [89] and will be reviewed in section 
5.6. The 20c spinors Xbc with mass — correspond to internal components 
of the gravitino with £ — 1. Finally the supergravity multiplet is completed by the 
massless 4 gravitinos '^ma which are proportional to the internal Killing spinors /«_ . 

The above fields are the ones that act as sources for the superconformal cur- 
rents (2.17), (2.18). More precisely the graviton and dilaton are associated with the 
SU(4) singlets in the M—A current multiplet, the stress-energy tensor T^^, and the 
scalar C respectively. The other scalars, E-^^ and Q'^^ , correspond to and Q*^ 
in (2.18) respectively. The massless vectors v}^^ are dual to the SU(4) currents J^q 
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and the anti-symmetric tensors S^iv to B^l; . The identification can be carried out 
analogously for the fermions. The dilatini and the spinors Xbc associated 
respectively to the fermions and Xbc (2.18). The gravitinos ^ma correspond 
to the supersymmetry currents E^^. 

Higher Kaluza-Klein modes correspond to higher values of I. For example, there 
are other scalar modes with I >2. Each of these can be put in one-to-one correspon- 
dence with a gauge singlet composite operator W^e) that starts with 

1^^^ = tr {(j)^'^ . . . 0^^^) - traces , (5.21) 

which has dimension A = £ and belongs to the £-fold symmetric traceless tensor 
representation of 5*0(6) with Dynkin labels (0, £, 0). The multiplet contains 256£^(£^— 
1)/12 states with different A and SU(4) quantum numbers. 

The correct recipe for calculating correlations follows from (5.18) and amounts to 
computing the truncated Green functions in the bulk and attaching bulk-to-boundary 
propagators to the external legs [118, 119, 145]. The precise forms of the latter depend 
on the spin and 'mass' of the field. For instance, the bulk-to-boundary Green function 
for a bulk scalar field associated to a dimension A operator 0/\ on the boundary 
reads 

^A(x^ p; x'^, 0) = ^ , (5.22) 

where is a constant given by = r(A)/[7r^r(A — 2)]. For simplicity the cu 
dependence has been suppressed, so that the expression (5.22) is appropriate for an 
'S-wave' process in which there are no excitations in the directions of the five-sphere, 
S^. In terms of Ka the bulk field 

^^iz;J) = J d^x'KA{x,p;x',0)JA{x') (5.23) 

satisfies the boundary condition ^m{x, p; J) ~ p'^~^Ja{x) as p — > 0, since p^~^Ka 
reduces to a 5-function on the boundary. As observed in [145] the bulk-to-boundary 
propagator must be modified for A=2. In this case the previous expression van- 
ishes since c^=0 for A=2. In the special case A=2 one must require ^^(a;, p; J) 
p'^logp J{x), which yields c^^^ = Before discussing specific calculations, that 

will be related to instanton effects in J^f—A supersymmetric Yang-Mills theory, this 
prescription for evaluating Green functions will be illustrated in more detail in the 
case of two- and three-point functions in the next section. 
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The generalization of this construction to fermionic fields has been considered 
in [146] and will be relevant later when the calculation of a correlation function of 
sixteen fermionic dilatini will be presented. 

The original conjecture involves the supergravity approximation and holds in the 
large N hmit. However in [38] it has been suggested that the correspondence can 
be generalized to finite N by taking in account string theory corrections. This claim 
has been made more explicit in [119]. For finite N the role of generating functional 
is played by the full partition function of the string in AdSs x , computed with 
suitable boundary conditions. Moreover for finite N , i.e. for finite radius, one expects 
a truncation to I < N ol the Kaluza-Klein spectrum, that should result by taking 
into account fuU-fiedged stringy geometry as in any string compactifications. 

Perturbative checks of the conjecture at finite N for two- and three-point functions 
have been given in [147, 148] and will be discussed in the next section. The non- 
perturbative computations of [89] suggest that the correspondence remain valid at 
finite N also for four- or higher-point functions of some protected operators at least. 

Witten has also suggested an intuitive way to represent diagrammatically the 
above described construction through graphs like those depicted in figure 5.1. 




Figure 5.1: Witten's representation of three point functions in the AdS/CFT corre- 
spondence. 

The circles in figure 5.1 represents the four-dimensional boundary of AdSs and the 
interior is the bulk. Lines connecting an internal point with a point on the boundary 
are the above discussed bulk-to-boundary propagators (see e.g. equation (5.22)). In 
the supergravity approximation, i.e. in the limit of large N and large and fixed g^^^N, 
only tree diagrams like the first one in figure 5.1 contribute, while the loop-diagrams 
become relevant for finite N, when string effects must be taken into account. This 
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can be understood as the loops correspond to closed string exchange which gives a 
contribution that is suppressed in the large N limit. 

Attempts have also been made to generalize the correspondence to conformal 
theories with less supersymmetry and hopefully to non-supersymmetric theories. This 
is achieved by studying the compactification of the type IIB superstring on AdSs XX5, 
where is a compact Einstein manifold, i.e. a positively curved compact manifold 
with metric satisfying R^y = Xgi^,y, with A > 0. The simplest examples are obtained 
considering X^—S^/T, where F is a discrete subgroup of S0(6). In this case X^ 
presents orbifold type singularities, but it has locally the geometry of S^. In [149, 150] 
this models have been discussed in detail and it has been shown that taking N 
coincident D3-branes placed at an orbifold singularity one can construct Af—2 and 
J\f—1 theories. Such theories have product gauge groups SU(iV)'^ and contain matter 
fields in the fundamental and adjoint representations. 

A possible approach to the study of non conformal field theories through the 
AdS correspondence has been suggested in [151]. The model proposed in [151] is 
based on the observation that field theories at finite temperature can be described 
by near-extremal p-brane solutions. Non supersymmetric theories are then obtained 
by imposing anti-periodic boundary conditions for the fermions on the compactified 
direction, corresponding to the raising of temperature, which explicitly break super- 
symmetry. Qualitative agreement with the expectations for QCD at strong coupling 
has been found following this approach. In particular the results from supergravity 
calculations include the area low behaviour of Wilson loops, the presence of a mass 
gap for glueball states, the relation between confinement and dual superconductivity 
and the existence of heavy quark baryonic states [151, 152]. Numerical calculations of 
glueball masses have been performed in [153] applying the same method. The results 
appear to be in agreement with those obtained from lattice simulations. The limit 
of this approach is that for the supergravity approximation to be reliable one must 
take the effective 't Hooft couphng to be large, while the weak couphng region is the 
one relevant for the continuum limit on the lattice. As a consequence to actually 
compare the results from AdS with lattice extrapolations to the continuum, it seems 
to be necessary to extend the correspondence to finite N, which requires a full string 
theory description in AdS. 

More recently the near-horizon geometry of a stack of D3-branes in type the- 
ories has been proposed as a candidate for a non supersymmetric version of the 
above discussed correspondence. In these models the "tachyon should . . . peacefully 
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condense in the hulk" [154]. The basic idea suggested by Polyakov in [154] is that 
non-supersymmetric theories should have as their duals string theories displaying 
worldsheet supersymmetry, but no space-time supersymmetry. This is the prop- 
erty characterizing type OA and OB string theories, which have been introduced in 
[155]. This theories are constructed by a non-chiral GSO projection, which explicitly 
breaks space-time supersymmetry and leads to a spectrum containing no space-time 
fermions. The bosonic spectrum is the same as in the corresponding type II theories 
in the NS®NS sector and contains a doubled set of R®R fields. The interest in these 
theories has been renewed in the systematic construction of their open string descen- 
dants [156]. The inclusion of D-branes in such theories has been studied in [156, 157] 
and allows to construct non-supersymmetric gauge theories as world- volume theories, 
which do not contain open string tachyons [156, 154, 158]. In particular in [158] a 
SU(A^) Yang-Mills theory coupled to six real massless scalars has been constructed as 
world- volume theory of N coincident D3-branes in type OB theory. In this model the 
5-form field strength is not constrained to be self dual and so one can consider both 
electrically and magnetically charged D3-branes. Moreover in the D3-brane solution 
the dilaton is not constant, but acquires a spatial (radial) dependence as a conse- 
quence of the presence of the A^-S" ® NS tachyon. In [158] it is argued that this radial 
dependence may be related to a dependence of the coupling constant on the energy 
scale in the gauge theory description. In [159, 160] a field theory with asymptotically 
free behaviour is constructed from a D3-brane type background with AdSs x 
geometry. 

This very interesting issues will not be further addressed here, in the following 
the attention will be focused on the correspondence between type IIB string theory 
in AdSs x and ^^=4 super Yang-Mills theory. 

5.4 Calculations of two- and three-point functions 

In this section the prescription for the calculation of correlation functions will be 
discussed in more detail. First the general idea in the simplest case of scalar fields 
and for spinors will be reviewed considering two-point functions, then some general 
considerations on the properties of correlators of R-current operators and some non- 
renormalization theorems will be reported. Finally the computation of two- and 
three-point functions of generic chiral primary operators will be discussed. 

The computation of two-point functions according to the prescription of the pre- 
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vious section goes as follows. The Euclidean action for a real massive scalar field in 
AdS5 is 

S = \j d'z^ [^^^(9m$) {dN^) + . (5.24) 

As has been explained in [118, 119] in order to compute the two-point Green function 
of an operator 0[A\, related by the correspondence to $ and coupled to a source J in 
the boundary theory, in the supergravity approximation valid for large N . one must 
solve the equation of motion obtained from (5.24) with the condition that $(a;, p) 
approach J(x) as p ^ 0. The equation of motion is 

-^dM {^/gg'^'^dN^) - = . 

Then, after substituting into (5.24) the sohition with the prescribed behaviour in the 
limit p ^ 0, taking the functional derivatives with respect to J one obtains the Green 
function. The relevant solution is of the form of equation (5.23). As a result one gets 
for the two-point functions 

{0{x)0{y)) = - f^L^ [dMK^{x',p;x,0)p'd^K^ix',p;y,0)+ 

+m^K^{x\ p]x,Q)Ki^{x\ p;y,Q)\ . (5.25) 



Then integration by parts and use of the equation of motion yields 



3 



r(A + i) 

7r2r(A -2){x- yf 



{0{x)0{y)) = J^J . (5.26) 



This computation of two point functions has led Witten to establish the relation 
(5.20) between the AdS 'mass' m of the field $ and the conformal dimension A of the 
corresponding operator O. In [119] the same analysis has been carried out for massive 
vector fields. In general for ap-form field the relation between the AdS 'mass' and the 
scaling dimension of the dual composite operator becomes (A— 4-|-p)(A— p) = (mL)^, 
which yields 

A = 2 ± V4 + (mL)2 + p{p - 4) . 

The case of the graviton Qmn, related to the stress-energy tensor, has been considered 
in [118, 161]. 

^Again this expression must be modified in the case A=2, see the previous section. 
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Repeating the above construction for a massive spinor in AdSs provides the bulk 
to boundary propagator for fermionic fields [146]. One starts from the action for 
'massive' spinors in AdSs 

j dh^[^{lp - m)*] , (5.27) 
which yields the Dirac operator acting on spin-| fields in AdSs 

= e^^7^ (dM + I^jS^Imn) * = iPl'd, + pj% - 2^)* , (5.28) 

where e^-^ is the vielbein, lo^^ the spin connection (hatted indices refer to the 
tangent space) and are the four-dimensional Dirac matrices. Just like in the case 
of scalar fields in order to compute correlation functions one must solve the equations 
of motion with assigned boundary conditions. However the action (5.27) vanishes for 
any field configuration which satisfies the equations of motion. This implies that 
the partition function is actually independent of the boundary condition on the field 
^, so that it cannot be used as a generating functional. To solve this problem a 
suitable modification of the action (5.27) by the addition of a boundary term has 
been proposed in [146]. The uniqueness of such a boundary term has been recently 
discussed in [162]. 

The suggestion of [146] is to supplement the action (5.27) by a term of the form 

5b = lim / d^x^/g^'^ , (5.29) 

where iVf^ is a closed four-dimensional sub manifold of AdSs, which approaches the 
boundary of AdSs as e ^ 0. In (5.29) g"^ is the metric on induced by the one 
of AdSs- This boundary term does not modify the equations of motion in the bulk 
and furthermore is invariant under the isometry group of AdSs- As a consequence 
of the vanishing of the bulk action on field configurations satisfying the equations of 
motion the entire contribution to the partition function, to be employed as generating 
functional in the AdS/CFT correspondence, comes from the boundary term (5.29). 

This allows to construct the bulk to boundary propagator K^{x' , p;y, po) for 
spinors of mass m. For fermionic fields, as discussed in [146], the relation between 
the AdS 'mass' of a supergravity field and the scaling dimension. A, becomes 



A = 2 - mL . 
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The case of the dilatino, A, with AdS mass m = — corresponding to an operator 
of dimension A = | will be studied in section 5.6. 

In the construction of [146] there is a subtlety related to the apparent arbitrariness 
of the coefficient of the boundary term (5.29) to be added to to the bulk action. This 
point has been recently clarified in [162]. In the derivation of the equations of motion 
from a variational principle only the negative chirality part of the boundary limit of 
the spinor ^ is fixed. The variation of the positive chirahty component of ^ on the 
boundary generates the boundary term in the action, which is uniquely fixed by the 
requirement that the total variation of the action must be zero on the solution of the 
equations of motion in the class of histories defined by the boundary conditions. 

To compute three-point functions one must consider interaction terms in the su- 
pergravity action and solve the corresponding equations of motion, with a suitable 
prescription for the behaviour on the boundary. For instance, in the case of scalar 
fields, interaction terms of the form 

give the following contributions to three point functions 

■Ka3(x',p;z,0) 

{0,{x)0,{y)0^{z))^''^ = -J^-^KAA^',p;x,0)dMKA,ix',p;y,Q)- 

■p^d^KAs{x',p;z,0), (5.30) 

where Ai, A2 and A3 are the dimensions of the operators coupled to $1, $2 and 
$3 respectively. Equations (5.30) are obtained, analogously to the expressions for 
two-point functions, by solving the equations of motion in the presence of the above 
interaction terms and then substituting back into the action, whose exponential is 
used as generating functional. To derive (5.30) one must solve the equations recur- 
sively as a series in the coupling constant Qg- To generate three-point functions it is 
sufficient to stop to the lowest order, so that the bulk to boundary propagators, Ka^ 
in (5.30) are the same entering two-point functions. 

The contributions to three-point functions can be represented through a diagram 
like the one depicted in figure 5.2, where the derivatives, read from the interaction, 
eventually act on the bulk to boundary propagators. 
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Figure 5.2: AdS diagram for the correlator of three scalar operators 



By writing explicitly (5.30) one immediately sees that these correlation functions 
have the correct form required by conformal symmetry. Actually, as will be discussed 
in the case of R-currents, two-point functions in the boundary conformal field theory 
are determined by superconformal symmetry up to a constant, so that the comparison 
with the results obtained from AdS5 only allows to establish the map between the 
fields on the two sides of the correspondence and to fix the normalizations. Analo- 
gously three-point functions are strongly constrained. Their supergravity calculation 
in AdSs and comparison with field theory only provides a check of the normalization 
constants (OPE coefficients). A completely non-trivial check of the proposed corre- 
spondence requires the computation of four- or higher-point functions, that will be 
examined in subsequent sections. 

The R-symmetry conserved currents of M—^ super Yang-Mills theory were given 
in equation (2.17). The two-point function {J^J^) is completely fixed by supercon- 
formal invariance. The dimension of the operators is A=3 and the form of the 
correlator of two currents is [145] 

where c is a positive constant, which is only determined by one-loop corrections 
thanks to a non-renormalization theorem, c is the central charge of the J' J' OPE 
and equals the trace anomaly. Since the latter is related by Af=l supersymmetry to 
the R-current anomaly which is one-loop exact c is determined by the one-loop result 
as well. In the case of A/"=4 super Yang-Mills with gauge group SU(A^) one finds 
[145] 
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The three point function of currents is also strongly constrained by superconformal 
symmetry; it contains a normal parity part and an abnormal parity part [145] 



/ 



abc 



ki-'^D^^^ix, y, z) + k^^^C^^xix, y, z)] + k^-U''"'M^,^{x, y, z) , 



where D^y\^ C^p\ and M^j^a are known tensor functions and the f""^^ and d"-^^ SU(A^) 
symbols are defined by tr (T"-t''T'^) = j{if"'^'^-\-d"''"^). k^^ and A;*^") are numerical 
constants; /c^^"* is fixed by the Ward identity connecting two- and three-point func- 
tions, which relates it to c by k^i^^=-^^, A^^"* is independent and it is not protected 
by general non-renormalization theorems. The third constant, k^^\ is controlled by 
the Adler-Badeen theorem which implies that it is one-loop exact. The same non- 
renormalization properties of the R-currents should of course hold true for the other 
composite operators in the current multiplet. 

The computation of two- and three-point functions of chiral primary operators 
(CPO's) will now be reviewed following [148, 145]. The chiral primary operators that 
will be considered are of the form 

Oi^gijU,tT{^^^ix)...^'^ix)) , (5.31) 

where are the six real matrix- valued scalar fields of A/'=4 supersymmetric Yang- 
Mills theory and is a totally symmetric (traceless) rank i tensor of SU(4)~SO(6), 
whose normalization is chosen such that tl^,„i/^^^^"'^'' — S^^^^. The free propagator for 
the fields ip^ is 



(27r)2(x-y)2- 

Chiral primary operators (5.31) belong to representations of the SU(4) R-symmetry 
group characterized by Dynkin labels (0, £, 0), they are Lorentz scalars, i.e. they be- 
long to the representation ji=j2=0 of the Euchdean Lorentz group SO(4)=SU(2)x 
SU(2), and their conformal dimension is A—i. The class of CPO's comprises the 
operators Q^^ and in particular Q and Q considered in section 4.5. 

In general operators involved in the AdS/CFT correspondence have a conformal 
dimension A that is not an integer. Only operators belonging to short supermul- 
tiplets of the SU(2,2|4) superconformal group, which are dual to the massless AdS 
supergravity fields and their KK descendants, have a dimension that is protected un- 
der renormalization [163]. In supersymmetric field theories there are chiral primary 
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operators, like hose considered here, whose dimensions are integer and protected, 
even if they are not conserved currents. In the case of M—^ super Yang-Mills theory 
under consideration the conformal dimension of a generic operator satisfies the bound 

A>g = ^, (5.32) 

where q is the charge of the field under a U(l) subgroup of the SU(4) R- symmetry 
group. (5.32) is a "BPS-type" bound, which follows from the superconformal algebra 
(2.16). 

As already discussed in the previous section the supergravity fields and the Kaluza- 
Klein states in d='o A/'=8 gauged supergravity belong to short multiplets of the super- 
isometry group SU(2,2|4). The same is true for their counterparts in A/'=4 Super 
Yang-Mills theory (where SU(2,2|4) is the superconformal group). The CPO's intro- 
duced above play a central role in the construction of these multiplets. As explained 
in [163] all these multiplets can be obtained starting from scalar chiral primary op- 
erators like those in (5.31) and resorting to analytic superspace. The generic short 
multiplet is described by a composite twisted chiral superfield [111] of the form 

>V(^) = tr . . . M^^^)) - traces , 

where the superfields — \t\^W^^^^ are the same introduced in chapter 2, equa- 
tions (2.7) and (2.8). 

Massive string states on the contrary are in long multiplets as well as their duals, 
which are non chiral primary operators. An example of operators of this kind is 
represented by the M—^ embedding of the Konishi multiplet [164, 163], which, in 
terms of M—1 superfields, is 

E = $^e^$| , (5.33) 

where I — 1,2,3 are the M—1 chiral multiplets and V the M—1 vector multiplet 
of J\f—4: super Yang-Mills theory. 

In [148] two- and three-point Green functions of CPO's have been computed using 
type IIB supergravity in AdS5 and Witten's prescription. The result is 



(27r)2^ {x-yf^ 



N (27r)^ (x - y^"-' {y - z)2°i {x - zf""' ' 
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where + £2 + '^3 and the tensor t^^^'^^^ jg ^j^g unique invariant that can be con- 

structed contracting ai — ^^+^^-(1 indices between iff ,■ and iff ,■ and a2 — 
and as — ^i+^|~^3 respectively between the other two pairs. After rescaling the CPO's 
according to 

the above correlators are found to agree perfectly with the free field calculation in 
A/"=4 super Yang-Mills. 

This result is expected to be vahd only in the large N hmit at fixed and large ^, 
when the Yang-Mills coupling goes to zero. However in [147] it was proved that 
the one- loop corrections to the above correlators are zero. As a consequence the AdS 
calculation agrees with the exact perturbative contribution to two- and three-point 
functions of CPO's for arbitrary g^^. This strongly suggests that the conjectured 
correspondence should be vahd at finite N as well. In [147] a component formulation 
in terms of M—\ multiplets is employed. The chiral primary operators that are 
considered are of the form 

tr(X^) = tr(/i.../^) (5.34) 
tr(Xt') = tr ((^1^ . . . (^t J ^ (5 35) 

where and f/?!, with 7 = 1, 2, 3, are the complex scalar fields belonging to the chiral 
multiplets. The action of the model in this formulation was given in equation (2.11). 

The proof of the vanishing of the one-loop corrections to correlators of CPO's 
given in [147] is based on a non-renormalization 'theorem' [165] for the two-point 
function 

(tr(X^)tr(Xt')) = tr(X2) 

and on clever colour combinatorics. The non-renormalization theorem says that the 
one loop correction to the above correlator vanishes. This is a consequence of the 
following relations. The one-loop corrections to (tr(X^)tr(X''"^)) come from the dia- 
grams 
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(5.37) 



Notice that in the formulation of (2.11), that is used in [147], the Wess-Zumino 
gauge is exploited, so that the one loop corrections to the propagator, represented 
by the bubbles in (5.37), are not zero. Moreover the second term in (5.36) is the 
contribution of the 'D-term', while the 'F-term' does not enter. Both B{x,y) and 
A{x,y) are logarithmically divergent (see section 3.1), but one can prove the non- 
renormalization theorem 

B{x,y) + 2A{x,y) = Q. (5.38) 
The one-loop correction to the two-point function (tr(X^)tr(Xl^^)) 




comes from the sum of diagrams of the following types 
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tr(Xt') 



One must consider the sum of contributions in which the 'two-particle' interaction 
structures (5.36) and (5.37) are inserted between each pair of hues. In [147] it is 
shown, through a combinatoric analysis, that this sum leads to a total one-loop 
correction of the form 



which vanishes thanks to the non-renormalization theorem for the k—2 case. 

Analogously one can prove the vanishing of the one-loop correction to the three 



To summarize the expressions of two- and three-point functions of CPO's in per- 
turbation theory are given by the free-field result and, as shown in [148], this coincides 
with what is found in the supergravity calculation in AdSs. As already remarked su- 
persymmetry allows to generalize this result to all the composite operators of the 
current multiplet. In [147] this has been explicitly verified for a three-point function 
involving the operator S"^^ of equation (2.18), which is a descendant ^ of CPO's. 
Notice that in this computation it is crucial to take into account the modification 
(2.19) of the operator E"^^ in the non Abehan case [89]. 



4£AB -g ^ descendant under superconformal transformations, but a primary field from the view- 
point of conformal symmetry. 



(tr(X^Xt'') ~ kN 



[B{x,y) + 2A{x,y)] 

{x — uY'^ 
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5.5 Four-point functions 



Unlike two- and three-point functions which, as discussed in the previous section, 
are completely determined by superconformal symmetry up to constants, four-point 
functions are only determined up to an arbitrary function of two independent cross- 
ratios, for instance those introduced in section 4.5 



™,2 ™2 

2 2 ' 
•^13-^24 



•^14-^23 

rf 2 

"*'13-^24 



(5.39) 



As a consequence the comparison of four-point amplitudes computed in supergrav- 
ity/superstring theory in AdSs with super Yang-Mills correlation functions would 
represent a truly 'dynamical' and non-trivial check of the correspondence. Such a 
check has been carried out, in an indirect way, for the non-perturbative correction to 
a four-point function in [89] using the exact match of a correlation function of sixteen 
fermionic operators in the same supersymmetry multiplet and will be reviewed in the 
next section. 

The calculation of four-point Green functions of composite operators in J\f=4 su- 
per symmetric Yang-Mills is rather complicated. The application of 7V=1 superspace 
techniques to this problem will be examined later. 

On the supergravity/superstring side the computation of four- and higher-point 
amplitudes with the approach of section 5.4 presents a new difficulty, with respect to 
the case of two- and three-point functions, related to the existence of two kinds of 
contributions, associated with "contact" and "exchange" diagrams. 





Figure 5.3: Contact 4-point am- 
plitude 



Figure 5.4: Exchange 4-point am- 
plitude 



The former, see figure 5.3, are completely analogous to the above discussed contribu- 
tions to two- and three-point functions, while the latter correspond to diagrams like 
the one in figure 5.4 and, as a new feature, involve also bulk to bulk propagators in 
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AdSs. The diagram of figure 5.4 represents an s-channel ampfitude, analogously one 
must take into account t and u channels. Moreover one must consider the possible 
exchange of all the states, for finite N also string states, coupled to the external ver- 
tices in the supergravity/superstring action. The corresponding amplitude has the 
form 

A[xi, X2, X3, X4) = j —^^ [K[x , p ; xi, 0)- 

■K{x', p'- X2, Q)G{x\ p'- x\ p")K{x", p"; xs, 0)K{x", p"; X4, 0)] , 

where G{z'; z") denotes the bulk to bulk propagator and, for compactness of notation, 
indices and possible derivatives acting on the various lines, depending the explicit 
form of the trilinear couplings, have been suppressed. 

The first computations of this kind have been presented in [166, 106] for scalar 
four-point functions. The amplitudes considered are 

A^^^^{xi,X2,X3,X4) 

A4>x<t>xi^i^^2,X3,X4) (5.40) 

^XXXx('^l' ^2) 2:3, X4) , 

where and x=C*-°^ are the the two massless scalars of the type IIB superstring, the 
dilaton and the axion respectively. The operator corresponding to is the "glueball 
field" Q = tr (F^), whereas x corresponds to C = tr ^FF^, so that the amplitudes 
(5.40) should give the Green functions 

{Gixi)g{x2)Gix3)g{x4)) 

{g{x,)C{x2)g{xs)C{x4)) (5.41) 

{C{XI)C{X2)C{X3)C{X4)) 

in A/'=4 super Yang-Mills. 

The relevant part of the type IIB supergravity action in AdS5 is 



R - \ {d<t>f - {dxf 



(5.42) 



Notice that since the scalar fields and x correspond to zeroth-order spherical har- 
monics, one can forget about the factor and consider = ^{z) and x — x(-^) ^ 
depending only on the AdSs coordinate. 
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In the case of the A^^^^ amphtude the only exchange diagrams that contribute 
involve the graviton propagator and at this order there are no contact terms, in the 
^<t>x4>x amplitude both the graviton and the axion propagators enter, while ^xxxx 
ceives contribution from the exchange of gravitons and dilatons. Furthermore contact 
diagrams contribute to A^^^^ and ^^xxx- 

The fundamental difficulty in the computation of the above amplitudes is the 
construction of the propagators in the AdSs space. An interesting result has been 
proved in [106] . It has been shown that the graphs corresponding to the x-exchange in 
the amplitude ^0x0x actually coincide with the contact graph. This is a consequence 
of the fact that the scalar bulk to bulk propagator G{z; z') satisfies an equation of 
the form 

I^,G{z] z') = 5{z - z') 

in AdSs. Integrating by parts in the exchange amplitude, one obtains exactly a factor 
^zG{z] z') and hence one of the two integrations over AdS5 can be performed using 
the 5-function. However this result does not hold in general and so the knowledge of 
the propagators for all the relevant fields in AdSs is necessary. 

The AdSs propagator for scalar fields has been computed in [167], while the 
propagator for gauge fields was given in [168]. The graviton propagator in AdSs has 
been computed only very recently [169] . 

As already remarked in section 5.1 the type IIB supergravity action contains 
terms that receive also non-perturbative corrections from D-instantons. In particular 
D-instantons contribute to the TZ'^ term (5.7) and to the A^^ term (5.8). As argued in 
[170, 89] the corresponding contributions to supergravity/superstring amplitudes in 
AdSs should be compared with instanton contributions to the correlation functions of 
the associated composite operators in J\f—^ supersymmetric Yang-Mills theory. This 
comparison has been achieved in [89] for the correlation functions presented in the 
previous chapter (see sections 4.5 and 4.6). The results of [89] will be reviewed in the 
following sections. Notice that for the non-perturbative contribution to scattering 
amplitudes, with the "minimal" number of insertions leading to a non- vanishing 
result, only contact terms are relevant ^. As a consequence it is easy to single out 
the contributions to be compared with the Yang-Mills computations. In particular 
notice that there is no ambiguity related to possible cancellations among contact and 

^Two- and three-point functions do not receive non-perturbative corrections at lowest order. 
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exchange integrals. Moreover in general the contact non-perturbative contribution to 
an amplitude has schematically the form 

J —^KaiKa2 ■ ■ ■ KAr, , 

which exactly coincides with the form expected for an instanton contribution in J\f—4 
Yang-Mills theory after the integrations over the fermionic collective coordinates have 
been performed, since the one-instanton moduh space is exactly AdSs [89, 90, 91, 92] 
and the instanton 'profile' tr (^^ItJ^ identical to the bulk to boundary propagator 
Ka for a = 4. This implies that the comparison with the Yang-Mills calculation can 
be performed before computing the integrals. These considerations will be exploited 
in the next section, where specific examples will be considered. 

Some remarks on the computation of perturbative contributions to four-point 
Green functions will now be made. The calculation of correlation functions of com- 
posite operators in Af—A super Yang-Mills theory can be simplified using superspace 
techniques. Although the explicit calculations have not yet been completed the ap- 
plication of this method to chiral primary operators will be briefly sketched. 

The approach followed in [147] and reviewed in the previous section for the com- 
putation of three-point functions of CPO's can be generalized to correlation functions 
of J\f—1 superfields whose lowest components are chiral primary operators of the form 
of equation (5.35). The superfields to be considered are of the form 

tr(^$^^) , tr(^*|^) , 7 = 1,2,3. (5.43) 

The simplest case, i—2, will be discussed here. Exploiting the SU(3) symmetry, that 
is manifest in the Af—l formulation, one can restrict to Green functions with fixed 
values of the indices 7, which allows to simplify the calculation. The chiral primary 
operators with i — 2 are the scalars Q'^ in (2.18). The operators Q'^ belong to the 20^ 
of the SU(4) R-symmetry group, which decomposes with respect to the SU(3)xU(l) 
subgroup that is manifest in the Af—1 formulation according to 

20k ^ 6_4 + 64 + 8o , (5.44) 

where the subscript on the right hand side refers to the U(l) charge. The correspond- 
ing decomposition of Q'^ reads 

O'/ = tr ($^$-^) e 6 , /J = tr ($1$^) G 6 , 

= tr U'e^'^^j - ^$^6^$^^") e 8 . (5.45) 
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For the sake of simplicity the attention will be restricted to Green functions of oper- 
ators Oq'' and Cg/J- 

Hence one type of four-point functions that one must consider is of the form 



Gf = (tr tr ($^') tr tr ($^')) , 



with fixed /. There are two different tree-level contributions, corresponding to the 
diagrams (the notations are the same as in chapter 3) 




tr (^$^^) tr ) 



tr ) tr ($^') 





The connected diagram is proportional to N"^ while the disconnected one goes like N'^. 
The only non- vanishing corrections to this Green function come from the diagrams 




plus the analogous diagrams in which the VV internal propagator is inserted between 
different pairs of external lines. Notice in particular that the following correction, 
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obtained from the disconnected diagram, 



tr 



tr 




is trivially zero because of colour contractions. Moreover working in the superfield 
formalism and choosing the Fermi-Feynman gauge, there are no corrections to the 
propagators to be included. Also, because of the non-renormalization properties 
of two-point functions discussed in the previous section, there is no non-vanishing 
disconnected diagram contributing to the four-point function at first or higher order. 

A second kind of four-point functions is of the form 




ij ~ 



(tr ($1 tr tr (<^l tr (<l>-^ ) , 



with I ^ J. In this case the only tree-level diagram is disconnected 








a 






and goes as N^. There is a unique non vanishing first order correction corresponding 
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to the connected diagram 




where the internal propagator corresponds to the exchange of a chiral superfield with 
index K ^ I ^ J. Just hke in the previous case there is no disconnected first order 
correction because of the non-renormahzation properties of two-point functions. 

The previous diagrams can be evaluated using the techniques of chapter 3. Since 
the points where the composite operators are inserted are external and not interaction 
points the result will not be local in the fermionic variables of Af—l superspace. This 
is not in agreement with the results of a calculation presented in [171]. 

An analysis similar to the one described here has been carried out in [172] em- 
ploying a formulation of the model in jV=2 harmonic superspace. In [172] four-point 
functions are explicitly computed in terms of polylogarithm functions. The expres- 
sions obtained resemble the one that was obtained in section 4.5 from the instanton 
contribution to the correlator (QQQQ). 

It has been observed by various authors [166, 106, 109, 107, 108, 173, 174] that the 
four-point functions computed in the AdS/CFT correspondence develop logarithmic 
singularities, when the limit of two coincident points is considered. This kind of 
behaviour has already been pointed out in section 4.5. In all the papers [166, 106, 
109, 107, 173, 174] the short-distance behaviour has been shown taking the hmit in 
the unintegrated expression obtained from the supergravity amplitude in AdSs. This 
is rather subtle because the exchange of limit and integration might be problematic, 
moreover, as observed in [106], there could be compensations among various AdS 
diagrams. However this kind of cancellations cannot take place in the cases considered 
in [107, 108]. In particular in [107] some non-perturbative contributions from D- 
instantons to the four-point functions of scalar operators corresponding the dilaton 
and axion fields has been considered. The results of section 4.5, where the instanton 
contribution to the four-point function Gq4 has been given explicitly, unconfutably 
show the logarithmic behaviour. A satisfactory explanation of the origin of these 



5.6 D-instanton effects 



177 



singularities as well as of the reason for the lack of the expected pole-type singularities 
has not been proposed yet. In [109] an interesting analysis relating the contribution of 
contact and exchange amplitudes in AdS to the OPE of the corresponding operators 
in J\f—A super Yang-Mills has been given, using the technique of 'conformal partial 
wave expansion', but the possible cancellation of logarithms between the two types 
of contributions has not been excluded. 

Prom the point of view of the boundary conformal field theory the central point 
appears to be the presence of anomalous dimensions for some operators that does 
not violate the conformal symmetry. This issue is under active investigation [110] 
and will be briefly addressed in the concluding remarks. Notice however that the be- 
haviour of the correlation function Gq4 for coincident points does not violate the non- 
renormalization theorems for three-point functions of the previous section, so that 
such non-renormalization properties could be generalizable to the non-perturbative 
level, at least for protected operators. In fact the limit in which two Q or two Q op- 
erators are taken to coincide in Gq4, that would correspond to one of the three-point 
functions that are expected to be tree- level exact, gives a vanishing result thanks to 
the pre-factor in equation (4.43). 

5.6 D-instanton effects in d=10 type IIB super- 
string theory 

As already discussed the low energy type IIB supergravity action contains a /4(r, t)TZ'^ 
term as well as a supersymmetry related /i6(t, t)A^^ term. Both of these terms receive 
contributions from D-instantons of the type IIB theory. 

The AdS/CPT correspondence described in the previous section allows to asso- 
ciate to these terms well defined contributions to correlation functions of compos- 
ite operators in the boundary Yang-Mills theory. It is natural to expect that the 
D-instanton generated terms should be related to instanton effects in J\f—4: super 
Yang-Mills. 

The type IIB D-instantons are Dirichlet p — —1 branes, i.e. they are locahzed 
objects in ten-dimensional space-time, which means that they have a zero-dimensional 
world-volume. The charge-X D-instanton in flat ten-dimensional space-time is a 
finite- action solution of the classical Euclidean equations of motion in which the 
metric (in the Einstein frame) is flat and the complex scalar, t — x + «e~^, has a 
non-trivial profile with a singularity at the position of the D-instanton, whereas the 
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other fields vanish [175]. Moreover the D-instanton is a BPS saturated configuration 
preserving half of the supersymmetries. In the following the constant expectation 
values of the dilaton and the axion in the zero instanton sector will be denoted by 
and X respectively, while hatted symbols will refer to the classical D-instanton 
solution. 

To compute the scalar part of the type IIB action in the D-instanton background 
it is useful to duahze the R® R scalar, x — C^^\ to an eight-form potential, C^^^. 
Since the metric is trivial, the action (up to constants) can be put in the form 

S = ^ y (d0 ± e-"^ * dC^^^) A * (# ± e-"^ * dC(^)) ±^J e-'^d^) A dC^^'^ = 
= - I {d(t>± e-^ * dC^^^) A*{d(l)± e"^ * dC^^^) I e-'I'dC^^^ , (5.46) 

where dM denotes the boundary of space-time, that in the presence of the D-instanton 
is understood as made of the sphere at infinity and an infinitesimal sphere around the 
location of the instanton. The first term in (5.46) is semi-positive definite, so that it 
follows that the action satisfies a Bogomol'nyi bound 



e-^dC'^'^ 

dM 



(5.47) 



Minimizing the action yields a BPS condition relating and C^^\ which, expressed 
in terms of %, becomes [175] 

9eX = ±«9se-'^ . (5.48) 
The D-instanton solution is constructed through the ansatz 

X = X + if{r) , 

where r — \X — Xq\ and /(r) ^ 0, as r ^ oo. After imposing (5.48) the equation 
for the dilaton outside a sphere centered at the D-instanton location becomes 

e" V^VaVeb^ = . (5.49) 

The solution is the harmonic function [175] 
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where is the ten-dimensional coordinate and is the location of the D-instanton. 
In (5.50) gs is the asymptotic value of the string coupling and the normalization of 
the second term has a quantized value [175] by virtue of a condition analogous to the 
Dirac-Nepomechie-Teitelboim condition that quantizes the charge of an electrically 
charged p-brane and of its magnetically charged p'-brane dual [176]. It is notable that 
the solution in (5.50) is simply the Green function for a scalar field to propagate from 
Xq to X subject to the boundary condition that = Qs at \X\ — > cx) or \Xq\ — > oo. 
The solution for x follows from (5.48) and is of the form 



where A is an arbitrary constant. 

The action for a single D-instanton receives contribution only from the bound- 
ary term in (5.46), i.e. from the integration over the sphere at infinity and over an 
infinitesimal sphere around Xq. The arbitrariness in the constant A can be used to 
simplify the computation. In particular with the choice A=0 in (5.51) the entire D- 
instanton action comes from the boundary of the infinitesimal sphere. Substituting 
for / from (5.51) gives 



On the other hand, with the choice A—yin (5.51) the expression (5.46) reduces to 
an integral over the boundary at infinity, but the total action remains the same as 
Sk in (5.52). 

The bosonic zero-modes associated with the D-instanton solution are parameter- 
ized by the coordinates Xq of the center of the D-instanton. As already remarked 
the D-instanton background breaks half of the supersymmetries. The fermionic zero- 
modes can be generated by acting with the broken supersymmetries on the scalar 
solution. 

The D-instanton contributions to the effective action of type IIB supergravity can 
be deduced by studying scattering amplitudes in the instanton background. In this 
way one obtains in particular the corrections to the TZ'^ and A^^ terms in equations 
(5.7) and (5.8) [114, 130]. 

In [170] it was pointed out that the TZ'^ term vanishes when computed in the 
AdSs X background, because it involves a fourth power of the (vanishing) Weyl 
tensor. The first, second and third functional derivatives of TZ"^ vanish as well, and as 




(5.51) 



Sk 



2tt\K 



(5.52) 
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a result one finds no corrections to zero, one, two and three-point amplitudes when 
the TZ^ term acts as source for Yang-Mills operators on the boundary. However, there 
is a non-zero four-graviton amplitude arising from this term. The boundary values of 
these gravitons are sources for various bosonic components of the Yang-Mills current 
supermultiplet. For example, the components of the metric in the AdSs directions 
couple to the stress tensor, T^^^ , whereas the traceless components polarized in the 
directions couple to massive Kaluza-Klein states. A linear combination of the trace 
of the metric on and the fluctuation of the R® R four-form potential couples to 
the scalar components, Q^K As a consequence the instanton contribution to the four- 
point correlation function Gqa computed in the previous chapter should be related 
to the appropriate D-instanton correction extracted from /4(r, r)7?.^. However it is 
extremely laborious to single out the exact terms to be compared with the Yang-Mills 
computation, so that it will be convenient to show the matching of the D-instanton 
correction to the A^^ term with the G^ie Green function of section 4.6. 

All the other terms of the same dimension, that are related to Ti} by super symme- 
try can be picked out, for example, associating the physical fields with the components 
of an on-shell type HB superfield [177]. As already remarked included among these 
is the sixteen-fermion interaction (5.8). Supersymmetry arguments [178, 179] imply 
that the functions /le and are related by the action of SL(2,Z) modular covariant 
derivatives 

/i6(r,r) = (T2P)^V4(r,r), (5.53) 

where T^—^ '^'^^'^ covariant derivative that maps a {q,p) modular form into a 

{q+2,p) form (where the notation {q,p) labels the holomorphic and anti-holomorphic 
SL(2,Z) weights of the form). Whereas /i transforms with modular weight (0, 0), the 
function /ig has weight (12, —12) and therefore transforms with a non-trivial phase 
under SL(2,Z). This is precisely the phase required to compensate for the anomalous 
U(l) B transformation of the 16 A's, so that the full expression (5.8) is invariant under 
the SL(2,Z) S-duality group. 

In the small coupling limit, all of these terms can be expanded in the form 

e-'^/^n = a„C(3)e-2^ + 6„ + 

oo / oo \ 

+ /xx(i^e-^)"-^/^e^-^^ + cU^e-^r' ■ (5-54) 

K=l \ k=l J 

The first two terms have the form of string tree-level and one-loop contributions. 
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while the last one has the appropriate weight of e^'^^ to be associated with a charge- 
K D-instanton effect. Anti-D-instanton contributions have not been displayed. The 
coefficients as well as the 'D-instanton partition functions' are explicitly given 
in [130] . The coefficient of the leading term in the series of perturbative fluctuations 
around a charge-X D-instanton is independent of which particular interaction term 
is being discussed and reads 

Zk = IJ'K{J<e ^) ' e 

It should be identified with the contribution of a charge-X D-instanton to the measure 
in string frame which, up to an overall numerical factor, reads 

do!^^ = {a')-^d^°X d}^ e Zk . (5.55) 

Actually there are subtleties in doing this, since the full series is not convergent, it is 
rather an asymptotic approximation to a Bessel function. 



5.6.1 Testing the AdS/CFT correspondence: type IIB D- 
instantons vs. Yang— Mills instantons 

As observed in [170] the charge-X D-instanton action that appears in the exponent in 
(5.6) coincides with the action of a charge-X Yang-Mills instanton in the boundary 
theory, which indicates a correspondence between these sources of non-perturbative 
effects. This idea is reinforced by the correspondence between other factors. For ex- 
ample, after substituting e'^ — and a' — L'^N~^f'^ g~^, the measure (5.55) contains 
an overall factor of the coupling constant in the form . Indeed, this is exactly the 
power expected on the basis of the AdS/CFT correspondence, since the one-instanton 
contribution to the Green functions in the jV = 4 Yang-Mills theory, considered in 
chapter 4, also has a factor of arising from the combination of the bosonic and 
fermionic zero-mode norms. In this section the leading instanton contributions to 
type IIB superstring amplitudes will be compared with the corresponding H—^ cur- 
rent correlators considered in chapter 4. In the next section the same analysis will be 
carried out studying the semiclassical fluctuations around the AdSs x D-instanton 
solution. 

To compare the Yang-Mills instanton calculation with an amplitude obtained 
according to Maldacena's prescription one must expand the function /i6(t, r) in (5.53) 
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to extract the one-instanton term. In order to compare with the Yang-Mills sixteen- 
point correlator one needs to consider the situation in which all sixteen fermions 
propagate to well defined configurations on the boundary. 

Equation (5.28) leads to the normalized bulk-to-boundary propagator of the fer- 
mionic field A of AdS 'mass' m = — associated to the composite operator A of 
dimension A = |, see equation (2.18), 

-f^7/2(P0, Xq] x) = Ki{pQ, Xq] x)^^ (poTS + (^0 " xY^fp) . (5.56) 



Suppressing all spinor indices, one obtains 

Aj(a;o, po) = j d'^xKy^iPo, xq] x)Ja{x) , (5.57) 

where Ja{x) is a left-handed boundary value of A and acts as the source for the 
composite operator A in the boundary J^f—A Yang-Mills theory. As a result, the 
classical action for the operator (A)^^ in the type IIB supergravity on AdSs x is 

d'^Xodpo 



r 1 - 

^16 TT ^4(P0, Xo] Xp)—— ( po7^ + {xq - XpY^jx) Ja{Xp) 



(5.58) 

where e'^ — Qs and x — X (since the scalar fields are taken to be constant in the 
AdSs X background) and V^b = tt^ is the volume. The 16-index invariant 
tensor tie is the same as the one defined after (4.55). The overall power of the coupling 

25 / \ ¥ 

constant comes from the factor of (6"*^)^^ ~ ( s~ ) expansion (5.54) and the 

factor of ^ in front of the A^^ term in the type IIB action, which using the relation 
(5.13) yields 



1 / 1 \ ^ /I 



25 



12 



where an overall numerical constant has been dropped. Using the dictionary (5.15) 
and differentiating with respect to the chiral sources this result agrees with the ex- 
pression (4.55) of section 4.6 obtained in the Yang Mills calculation. In particular 
the overall power of g^^ in (4.55) is reproduced after introducing the same rescaling 
of each A in (5.58) by a factor of Angs as in equation (4.53). Actually the overall 
numerical constant has not been checked, see however [92]. Notice that to match 
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the result of the Yang-Mills calculation it is crucial that in the product of sixteen 
matrices Ky^ exactly eight factors of ^/po^^ and eight factors of 7^ are picked 

out. This is ensured by the contraction with tig, which selects the correct number 
of factors of each kind. In the next section this expression will also be motivated 
directly by semi-classical quantization around a D-instanton field configuration that 
is a Euchdean solution of the type IIB supergravity in AdSs x S^. 

The agreement of the A^^ amplitude with the corresponding sixteen-current corre- 
lation function of chapter 4 is sufficient to guarantee that the instanton contributions 
to all the other Yang-Mills correlation functions, that are related to this term by 
H—^ supersymmetry, will also agree with their type IIB superstring counterparts. 
For example, the correlation function that has been considered in most detail in chap- 
ter 4 was the one with four superconformal scalar currents Q'^ which are in the 20]r 
of SU(4), and have dimension A=2 and AdS 'mass' — ~'Y?- already discussed 
the supergravity field, Q'^ ^ that couples to Q*^ is a linear combination of the fluc- 
tuation of the trace of the metric on 5"^, /i^, and of the four-form field potential, 
^MiVPQ = ^MNPQR^^f- Therefore, contributions to the correlation of four of these 
composite scalars in the one D-instanton background should correspond to the lead- 
ing parts of the K—1 terms in the expansion of the TV^ interaction (5.7) as well as 
terms of the form TZ^ (VF^^^)^ and (V F^^^Y . These last two terms involve F^^\ the 
self-dual field strength of the antisymmetric four-form potential, and are related by 
supersymmetry to the TZ^ term. 

It follows from the structure of (4.40) that the Yang-Mills instanton contribution 
to each factor of Q*^ is of the form WK2{xq, Pq]x^^,Q), where the two derivatives 
are not necessarily contracted. But this is the expected form for a propagator from 
the AdSs x bulk to the boundary for a scalar field of dimension 2. Therefore, 
at least the general form of the expression obtained from the K—1 terms in the 
expansion of TZ^ and the related F^^^ interactions agrees with the four-Q'^ correlation 
function in a Yang-Mills instanton background. In order to see this agreement in more 
detail it would first be necessary to determine the precise form of the (VF^^)) and 
{yp^^^Y interactions that contain the fiuctuations of F^^\ The K—1 contribution to 
the amplitude of four fiuctuations of the appropriate combination of and / can 
then be extracted from these interaction terms. Although this computation has not 
been performed explicitly, the result is guaranteed to reproduce the K—1 expression 
obtained from the Yang-Mills theory in chapter 4 since it is related by supersymmetry 
to the A^^ amplitude. 
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The analogous comparison of the correlation function of eight £ s with the am- 
plitude for eight E^^''s in the type IIB superstring theory proceeds in much the same 
way. The supergravity fields, E-^^ , that couple to arise from the internal compo- 
nents of the complex type IIB antisymmetric tensor. Supersymmetry relates an 
term, where H is the complex combination of the type IIB three-form field-strengths. 
Hi and H2, introduced in (5.6), to the 7?.^ term in the type IIB effective action. One 
thus expects interactions schematically of the form iyK^f, with various contrac- 
tions of the derivatives. Using the explicit form of the spinor collective coordinates 
C"^ — {PoV"^ + {x — Xo)ij,a^^'^)/^/p^ one may check that the gaugino bilinears 
in the one-instanton background exactly give rise to and derivatives thereof, as 
expected for the scalar propagator of a scalar field of dimension A=3 and AdS mass 

— Although a precise matching of the resulting amplitudes has not been 

performed, one may appeal to supersymmetry arguments to determine the complete 
structure of these terms. 

Notice that the above considered non-perturbative terms in the type IIB su- 
pergravity effective action when expanded around the AdSs x background give 
rise to both derivative and non-derivative interaction terms. The matching of the 
non-derivative "mass-related" terms considered here with corresponding terms in the 
Yang-Mills Green functions is rather straightforward, but clearly it is only a hint to 
the conjectured correspondence. 

5.7 The D-instanton solution in AdSs x 

The results of the previous section will now be reinforced by studying how the (q;')~^ 
terms in the type IIB effective action can be determined by semi-classical type IIB 
supergravity field theory calculation in a D-instanton background. 

The solution of the equations of motion of the type IIB theory in Euchdean 
AdSs X will be now discussed. The BPS condition for a D-instanton in this 
background is identical to (5.48) and together with the equation of motion for the 
dilaton leads to 

/^VaVeb* = (5.59) 

and determines the complex scalar r. In the Einstein frame the Einstein equations are 
unaltered by the presence of the D-instanton, because the associated Euchdean stress 
energy tensor vanishes. As a consequence AdSs x remains a solution. Equation 
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(5.59) is identical to the equation for the Green function of a massless scalar propa- 
gating between the location of the D-instanton {xQ,yl) and the point {x^,y^), which 
is the bulk-to-bulk propagator (subject to the boundary condition that it is constant 
in the limits p — > and p — > oo). This is easy to solve using the conformal flatness of 
AdSs X S^. In Cartesian coordinates = {x*^, y*), (5.14) reads ds^ = L'^p~'^dX ■ dX, 
where — y ■ y and the solution of (5.59) with a constant asymptotic behavior is of 
the form 



where po = ||/o| and e*^ is the harmonic function that appeared in the fiat ten- 
dimensional case, (5.50). In evaluating D-instanton dominated amplitudes one is only 
interested in the case in which the point (a;^, y"^) approaches the boundary (p = \y\ — > 
0), in which case it is necessary to rescale the dilaton profile (just as it is necessary 
to rescale the scalar bulk-to-bulk propagator, [118, 119]), so that the combination 



will be of relevance in the p — limit. 

As mentioned earlier, the correspondence with the Yang-Mills instanton follows 
from the fact that Pq/{{x — Xq)"^ + pg)^ = K4 is proportional to the instanton number 
density, {F ^j^Y, in the A/'=4 Yang-Mills theory. Strikingly, the scale size of the Yang- 
Mills instanton is replaced by the distance po of the D-instanton from the boundary. 
This is another indication of how the geometry of the Yang-Mills theory is encoded in 
the type IIB superstring. Note, in particular, that as the D-instanton approaches the 
boundary po 0, the expression for p~^e'^ reduces to a 5 function that corresponds 
to a zero-size Yang-Mills instanton. 

The BPS condition implies that one can write the solution for the R scalar 

as 



where x is the constant real part of the field (which corresponds to see equation 
(5.15)) and just like in the fiat ten-dimensional case 




(5.60) 




(5.61) 



X^X + if{x,y) , 



(5.62) 



f = A-- + e-^ 



(5.63) 
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Since the action is independent of constant shifts of x, actually it does not depend on 
the arbitrary constant, ^4. In a manner that follows closely the flat ten-dimensional 
case considered in the appendix of [114] and reviewed in the preceding section, the 
action for a charge K D-instanton can be written as 



which reduces to an integral over the boundaries of AdS5 x and the surface of an 
infinitesimal sphere centered on the D-instanton x — xq, y — uq. The result is 
exactly the same as in the flat case 



By choosing ^4 = ^ in (5.63) the expression (5.64) reduces to an integral over the 
boundary at p = 0. Remarkably, in this case the boundary integrand is identical to 
the action density of the standard four-dimensional Yang-Mills instanton. 

Whereas the AdS5 x metric remains unchanged by the presence of the D- 
instanton in the Einstein frame, it is radically altered in the string frame where the 
instanton is manifested as a space-time wormhole (as in the flat ten-dimensional case 
[175]). For finite values of K the dilaton becomes large in the Planck-scale neck and 
the classical solution is not reliable in that region. However, for very large instanton 
number, the neck region becomes much larger than the Planck scale so, by analogy 
with the D-brane examples studied in [38] , it should be very interesting to study the 
imphcations of the modified AdS5 x geometry in the large-X hmit of the large- A?" 
theory. 

The D-instanton contribution to the amplitude with sixteen external dilatinos, 
A^, may now be obtained directly by semi-classical quantization around the classical 
D-instanton solution in AdSs x S^. The leading instanton contribution can be deter- 
mined by applying supersymmetry transformations to the scalar field which has an 
instanton profile given by (5.61). Since the D-instanton background breaks half the 
supersymmetries the relevant transformations are those in which the supersymmetry 
parameter corresponds to the Killing spinors for the sixteen broken supersymmetries. 
These KiUing spinors have U(1)b charge | and are defined by a modified version of 
(5.17) that includes the non-trivial composite U(l)s connection, Qm [126], that is 
made from the type IIB scalar field [175] 




(5.64) 




(5.66) 
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Substituting the Euclidean D-instanton solution into the expression for the composite 
connection gives 

QM = ^e-'^aMe^ (5.67) 
with defined by (5.61). The solution of (5.66) is 

C, = e-l^i^Cf. (5.68) 



where is a constant spinor satisfying 75C±'' = ±C±^- 

The sixteen broken supersymmetry transformations associated with ^i^-* give rise 
to the dilatino zero-modes, 

A(o) = M = {i^Pm)C- , (5.69) 
where Pm is the expression for Pm = ^^mt* in the D-instanton background [114], 



I.e. 



e-^ue^ . (5.70) 



Using the Killing spinor equation and the D-instanton equation V^Pm = it is easy 
to check (recalling that Pm has U(1)b charge 2) that 

7^PmA(o) = -^A(o), (5.71) 

so that A(o) is a solution of the appropriate massive Dirac equation. The relevant 
amplitudes arc those with external states located on the boundary, in which case one 
may use the fact that for p ~ 

Pm ~ -due^ (5.72) 

gs 

in (5.69), which leads to 

A l(e<^_^^)^_. (5.73) 

gs 

This means that near p — the dilatino profile in the D-instanton background is 
proportional to p^Ki{xQ, po] x, 0). 

As a result the leading contribution to the sixteen-dilatino amplitude again repro- 
duces the corresponding sixteen-current correlator in jV = 4 supersymmetric Yang- 
Mills theory. Explicitly, the D-instanton approximation to the amplitude with sixteen 
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external dilatinos, Aj^, at points on the p = boundary is (up to an overall constant 
factor) 

p=l J Po J 

16 r ^ . - 



where J\{xp) is the wave-function of the dilatino evaluated at the boundary point 
{xp, 0) and the Grassmann spinor is defined in terms of rj and ^ by 



C{pO,X- Xq) 

where 



1-f ^ ^^7mc^°^ 




The power of gj^^ has been inserted in (5.74) from the expression given in section (5.1) 
although this power should also follow directly by considering the normalization of the 
bosonic and fermionic zero modes. Up to the overall constant factor, the amplitude 
(5.74) agrees with (5.58) and therefore with (4.55). 

In similar manner the instanton profiles of all the fields in the supergravity mul- 
tiplet follow by applying the broken supersymmetries to Pm the appropriate number 
of times, just as in the flat ten-dimensional case [114]. The single D- instanton con- 
tributions to any correlation function can then be determined. This is guaranteed to 
agree with the corresponding term in the expansion of the effective type JIB action 
as well as with the corresponding J\f—4: Yang-Mills correlation function. 



Conclusions 



This dissertation reports the study of various aspects of M—^ supersymmetric Yang- 
Mills theory. 

The perturbative finiteness properties of the theory have been known for a long 
time. However the analysis presented here allows to point out several problems in 
the perturbative computation of Green functions of elementary (super) fields. The 
calculations reviewed in chapter 3 show that the gauge-fixing procedure is quite prob- 
lematic and presents subtleties both in the description in terms of component fields 
and using the H—1 superfield formalism. The appearance of UV divergences in 
off-shell propagators, when the Wess-Zumino gauge in components is exploited, has 
been discussed and it has been shown that relaxing the choice of the WZ gauge such 
divergences are cancelled. Different difficulties have been encountered in superspace 
computations: the supersymmetric generalization of the Fermi-Feynman gauge ap- 
pears to be privileged since any different choice of gauge leads to IR divergences in 
off-shell Green functions. 

These issues have been studied in a systematic way in chapter 3. The divergences 
found in one-loop calculations are expected to be gauge artifacts, and it would be 
interesting to obtain an explicit check of the cancellation of such divergences in gauge 
invariant Green functions. As briefly discussed in the final chapter in the context of 
the AdS/SCFT correspondence, superspace techniques can be apphed to the calcu- 
lation of correlation functions of gauge-invariant composite operators as well. H—1 
superfields should prove a powerful tool in this computations like in the case of ele- 
mentary fields. 

At the perturbative level the effect of the inclusion of mass terms for the (anti) 
chiral superfields has also been discussed. The considered mass terms break super- 
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symmetry down to Af—1, but it is explicitly proved, at the one loop-level, that the 
ultraviolet properties of the model are not affected by this modification. The same re- 
sult had been obtained long ago by means of dimensional arguments and is reinforced 
by the analysis presented here. 

The possibility of employing this mass deformed Af—4: model as a supersymmetry 
preserving regularization scheme for J\f—1 theories has been recently proposed. As 
observed in chapter 3 this approach should be generalizable to J\f—2 theories. 

Non perturbative effects in J\f—A super symmetric Yang-Mills theory are studied in 
chapter 4 with the aid of instanton calculus. The hterature on J^f—A super Yang-Mills 
contains examples of instanton computations of corrections to the effective action in 
the Abehan Coulomb phase. The calculations presented in chapter 4 have been 
performed in the superconformal phase, corresponding to the origin of the moduli 
space, which is related to type IIB superstring theory in AdS^ x by the duality 
recently proposed by Maldacena. In particular an exact field theoretical computation 
of the one-instanton contribution (in the semiclassical approximation) to a four-point 
function of scalar composite operators belonging to the current supermultiplet has 
been reported. 

The non-perturbative corrections to Green functions in Af—A supersymmetric 
Yang-Mills theory have been subsequently reconsidered in the context of the AdS/CFT 
correspondence. Previous checks of the conjectured correspondence had been ob- 
tained for two- and three-point functions at the perturbative level. The results re- 
viewed here strongly support the possibility of extending the correspondence at the 
non-perturbative level as well. The agreement found between the contributions to 
four- and higher-point functions due to two different sources of non-perturbative ef- 
fects, instantons in J\f—A super Yang-Mills and D-instantons in type IIB superstring 
theory, represents a highly non trivial check of the conjecture. Furthermore these 
results have been obtained in the case of a SU(2) gauge group and therefore suggest 
that the correspondence, originally formulated for a SU(iV) gauge group in the large 
N hmit, may actually hold at finite N as well. Perturbative checks of this claim have 
already been proposed, but the non-perturbative results discussed here bring stronger 
evidence in this direction, since they concern four- and higher-point functions that 
are not fixed by superconformal symmetry. Despite these interesting results on the 
field theory side, there is still very little understanding of the correct way of deahng 
with string corrections to the supergravity approximation for finite N. This is a very 
interesting subject for future developments. In particular generalizations of the orig- 
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inal conjecture to theories with less supersymmetry and even to non-supersymmetric 
theories have been proposed. In this context computations of quantities of phe- 
nomenological interest, such as glueball spectra, have been performed. However the 
possibility of comparing this results with, for instance, the continuum extrapolations 
from lattice simulations requires the extension of the correspondence to weak 't Hooft 
coupling, i.e. to finite N including string effects. 

The four-point correlation function computed in chapter 4 displays logarithmic 
singularities when any two insertion points are taken to coincide. This peculiar 
behaviour in the operator product expansion (OPE) has also been observed by other 
authors in supergravity calculations in AdSs and is a very interesting feature of the 
superconformal field theory at hand. 

In understanding this phenomenon a crucial role is played by the fact that the 
chiral primary operators, O^, that enter the Green functions under consideration 
are protected, i.e. their dimension A and charge q are related by A = g. The first 
point to observe is the absence of pole-type singularities in the OPE. This is a direct 
consequence of the condition A — q. If one considers the OPE for chiral primary 
operators with charges qi and q2, 

^(91) (2^)^(92) (y) for \x-y\^0, 

there are two possibilities. Either the OPE contains only chiral primary operators 
and one has 

j + terms vanishing as \x - y\ ^ , 

with A — qi + q2 and c a numerical constant, or there is a mixing with a non chiral 
primary operator, whose dimension is strictly larger than the charge, and then 

where q — qi + q2 and A = 51 -|- 52 + 7 > ?i + ?2- As a consequence in any case 
there cannot be a pole-type singularity. The second situation described here could be 
responsible for the logarithmic behaviour. The anomalous dimension 7 is determined 
by the calculation of the three point function (VOO) , that is obtained by taking the 
limit of coincident points in a four-point function of chiral primary operators like the 
one that is computed in chapter 4. Notice that one cannot study the limit in a three- 
point function, since three-point functions of chiral primaries are not renormalized. 
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The logarithmically divergent coefficient in the OPE of C(g^) and 0(^2) could originate 
from a perturbative expansion of 7 = 7(5')- More precisely if the operator V has an 
anomalous dimension, 7, in perturbation theory the latter is expected to be small 
and to admit an expansion in the coupling constant g. Expanding 0(^g^){x)0(q^){y) 
in powers of 7 yields 



(x-y) 



2A 



l--f\og{ii\x-y)^)+ 



+\i\iog{fi\x-yr)r+... 



where an arbitrary mass scale fi has been introduced for dimensional reasons. At each 
non-trivial order in g, the last equation seems to violate conformal invariance. The 
exact expression is however conformally invariant by construction. One can reconcile 
the two results by observing that because of the presence of an anomalous dimension, 
the operator has to be rcnormalized at each order in g and as a consequence it does 
not provide a linear representation of the conformal group. 
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Minkowskian metric 



/ -1 \ 

10 

10 

\ 1 / 



(A.1) 



cr-matrices 



where 



(7^ = (-I2, O , = (-I2, -<J') , 1,2,3, 



, 1\ Q -t\ 10 

^[1 ) ^ ^[i Oj' '"^1,0-1 

Weyl spinors are denoted as follows 

CX, 

ijja , , with a, a — 1,2 . 

Spinor indices are raised and lowered by the antisymmetric tensors e"^ (e^^ 
—£12 = £21 = 1) and e"'^ (s^^ = —e^^ — —£^2 — ^21 = 1) 

The matrices have the following index structure 



—e 



(A.2) 
(A.3) 

(A.4) 

21 _ 



(A.5) 



(A.6) 
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Indices of the matrices are raised and lowered by the e tensor as well 

^Mda ^^d/3^a/3^M^^_ (A. 7) 



Properties of the a-matrices. 

The following properties of the cr-matrices can be easily derived from their defi- 
nition 

{af'a'' + a''a^f0 - -2rj'"'S^^, (A.8) 



as well as the completeness relations 



tr {a^'a'') = -2r] 



- -2<^/5/. (A.9) 



The generators of Lorentz transformations read 



Euclidean a-matrices. 
They are defined as ^ 

a^ = (I2,^aO, = (I2, , z = l,2,3. (A.ll) 

The Euclidean cr-matrices satisfy properties analogous to their Minkowskian couter- 
parts. In particular 

(a^a^ + a'^a^f^ = 25^''5''^, (A.12) 



<aAi = 25/5/. (A.13) 



^The subscript E is suppressed in the text. 
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The Euclidean Lorentz generators are 

<^E /3 = l{<^E ^Ea$-^E ^Ea^j" (^"l^) 

The following realization of the Dirac 7-matrices is used 



Spinor algebra. 

Contractions between spinor indices are taken according to the conventions 

V'X = V'^Xa = -V'aX" = XV' 

V'X = V'dX" = -V'^Xd = XV' ■ (A-16) 



Fierz rearrangements 



1 1 

Ti^^ = ^^''^V^ , = -\^dpH ■ (A.17) 



Miscellaneous relations 



{e^){ex) = -^(^^)(V'x) , = -^P)(V^x) 



1 

■2' 



(WAi = -ilxc^'AX^ffJi . (A.18) 



Superspace covariant derivatives. 

Covariant derivatives in Minkowskian superspace are defined as 
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and satisfy 

{L'a,^d} = -2<^a^ (A.20) 
{D^,Dp}^{D^,D^}^0. 

Moreover 

e-0^ = -^, e-^l-l-ee^e^f^—^Te^A. (A.21) 



Other properties 

[D^, {Dp, D,}\ = , [D^, Dp^] = -Atard^D'' 

[D\ D^] = -8iD''a^.D''d^ - 160 = SiD^a^^D^'d^ + 16n . (A.22) 

The corresponding Euchdean superspace derivatives read 

^"=a^ + <.^"^.' ^' = -J^-^XA (A-23) 
and possess analogous properties 



{^a, D^} = -2<.5, (A.24) 



[D2, (Dl D^}] = 

[Dl dId'''] = -AaUd.D'"' , [DgDf , dI] = -Aa^d^D^ 

[Dl dI] = -8D^a^^.Dld^ - 16n = SOiat^^.D^d, + 160 . (A.25) 

The following relations are useful in superspace calculations 

dIdIdI = lenDl , dIdIdI = igddI 

dId^DJdI = -lQa>^^.alp^d,d;DiDi 

DIdId'-DI = -16a^^^a-^f,^d,d,D^Di . (A.26) 



Berezin integration. 

Integration over a Grassmannian variable r) is defined as 

dT] = 0, dr]r] = l. (A.27) 
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The power expansion of a function /(jy) is simply 

f{rj)^a + brj, (A.28) 

so that 

Jdrif{ri) = b, Jdrjrif{rj)^a. (A.29) 
Integration by parts in Berezin integrals is allowed since 

/ dv^f{v) = 0- (A.30) 

The 5-function is defined by 

^ d7lf{7l)6{7l)=f{0), (A.31) 



which implies 5(77) — rj. The integration measure over the Grassmannian variables of 
J^f—l superspace is defined as follows 



d^e = ^SapdO'^de^ , d^e = ^e^^ddadep , (A.32) 



so that 



J d^eee = j d^eee^i. (a.ss) 

Other useful formulas can be found in the appendices of [4, 3] 
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Electric-magnetic duality 



B.l Electric- magnetic duality and the Dirac monopole 

The free Maxwell equations 

- dE ^ ^ dB (B.l) 

at at 
are invariant under a duality transformation D, exchanging electric and magnetic 
fields according to 

D: E — >B, B — >-E. 

More generally the equations are invariant under a continuous transformation 

E\ ( cos 6 sin 6 \ f E 



. ■ n /111 I- (B.2) 

B ) \ -sm9 cos9 J \ B ' ^ ^ 

A covariant formulation can be given using the language of differential forms. The 
free equations can be written 

dF = 0, *-^d*F = 0, 

where {*F)^y = \e^i,p^F'"^ and d denotes the external derivative. The duality trans- 
formation simply becomes F *F. In the presence of electric sources the equations 
become 

dF^O , *-^d *F^j, 
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where j is a one-form of components = (pe, je), so that the symmetry is broken. To 
recover the duahty symmetry magnetic source terms must be included symmetrizing 
the equations as follows 



dF^j^, * M * F = . 

The system is then symmetric under the simultaneous exchange of F with *F and of 
je with jm- 

Even if the inclusion of magnetic point-like particles in classical electromagnetism 
seems to be ruled out by the experimental results, it allows to derive a consequence 
that is of fundamental importance in the more interesting case of non Abelian theories, 
the Dirac quantization condition. A consistent quantization ""^ of a theory with both 
electric and magnetic charges qi and gj requires that they satisfy the condition 

qi ■ Qj = 27rHnij , (B.3) 

where arbitrary integers. 

The quantum mechanical description of a charged particle in an electromagnetic 
field requires the introduction of the vector potential A^, related to the field strength 

— * — » — # 

by F^i, — d^Aj, — d^Af^, through the substitution V — > (V — ^A). This leads to the 
minimal coupling in the Schroedinger equation 

at 2m n 
Gauge transformations for this system read 

— >e-^*^(^V, ^ — >^-VxiO)- (B.4) 

In the presence of a point like magnetic charge it is not possible to associate a globally 
defined vector potential to the magnetic field through B = V x A. However it is 
possible to construct a well defined vector potential in the northern hemisfere (A^) 
and in the southern hemisfere (A^). This is physically consistent if the fields A^ 
and Ag differ by a gauge transformation on the overlapping region (the plane of the 
equator) 



cq 



+ Vx 

cq 



^Strikingly the Dirac quantization condition can be already derived in the context of classical 
electromagnetism. 
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and analogously for the wave function 

By means of Stokes' theorem one obtains 

g= I da-B^ f dl-A,- I rff- 1, = x(27r) - x(0) . 

But the wave function must be single valued along the equator requiring from 
(B.4) x(27r) — x(0) = which leads to the Dirac quantization condition, qg — 
2Tr Hn, with n e Z. The relation (B.3) is not invariant under the continuous duality 
transformation (B.2), but it can be generahzed to the so called Dirac-Schwinger- 
Zwanziger condition [57] that is invariant. The latter applies to a system containing 
two dyonic states {i.e. states possessing both electric and magnetic charge) of charges 
{qi,gi) and {qj,gj) and reads 

<li9j - QjQi = 'inhriij . 

B.2 Non Abelian case: the 't Hooft— Polyakov 
monopole 

As discussed in the preceding section magnetic monopoles must be included at hand in 
a purely electromagnetic model and there exist no experimental evidence justifying 
this construction. In non Abelian gauge theories on the contrary monopoles and 
dyons emerge naturally in association with particular field configurations. Indeed 
non Abelian gauge theories admit solitonic solutions of the classical equations of 
motion that can be interpreted as describing monopole (and in general dyon) states 
in the quantum theory. The case of the 't Hooft-Polyakov monopole [180, 181] in the 
Georgi-Glashow model with gauge group SU(2) will be considered here. The results 
can be generalized to a larger gauge group G by, for example, embedding a SU(2) 
factor in G. 

The Georgi-Glashow model is defined by the Lagrangian 

C = -^F;,F'^^^ + - , (B.5) 

where = 9,^A^+e£"'"^Ab^Aci/ is the non Abehan field strength and the scalar 

fields are in the adjoint representation of the gauge group SU(2) with covariant 
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derivative ^ D^^'' = 9^$" + es^^^^b^^c- The potential V{^) is 
so that the classical equations of motion are 



{D^'D^^Y = -A$"($^$6-w^). (B.6) 



Furthermore satisfies the Bianchi identity D^{*FY'' — 0. 
The total energy for a given field configuration is 



-rVm \ , (B.7) 



where 11'^ is the momentum conjugate to and E^ and Bf are the 'non Abelian' 
electric and magnetic fields 



ak 



^Oi - > ^ij - -^ijk^ 

The energy density ©oo is semi-positive definite, ©oo > 0, with equality if and only 
if = = — 0, implying that the vacuum of the theory corresponds to 

configurations with vanishing and constant satisfying = v'^. The set of 

configurations corresponding to the Higgs vacuum (moduli space) will be denoted by 
Mh 

Mh = {^ : D,,^'' = , = 0} 

In the case at hand Mh is the sphere 5"^ parametrized by the 'coordinates' 
constrained by = v'^. 

For V ^ the gauge symmetry is broken to U(l) and the Higgs mechanism 
produces a perturbative spectrum which consists of a massless 'photon', massive 
bosons with mass — ev and a massive Higgs scalar with mass — V2Xv. 

In addition to the constant vacuum solution the classical equations of motion 
admit solitonic solutions corresponding to static field configurations with finite (and 
non-vanishing) energy. In order to have finite energy the fields must approach 
(sufficiently rapidly) values in Mr for large values of the radial coordinate r, so that 
they define a map $ : 5"^ — > M.h- For the Georgi-Glashow model one has Mh — S"^ 

^Prom now on natural units will be used so that h = c = 1. 
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and the corresponding solitonic configurations are characterized by an integer winding 
number n e 112(5'^) = Z. It can be shown [182] that the most general solution for 
the gauge field is 

with an arbitrary K^^. The resulting field strength is 
where F^,^ is an 'Abelian' field strength 

satisfying the Maxwell equations. The corresponding magnetic field Bi — ^Sij^F^^ 
allows to define a magnetic charge obeying the Dirac quantization condition 

g= f da-B^-^f d'a' = ^ , (B.8) 

where n is the winding number. 

The configuration (A^, is interpreted as describing a magnetic monopole. In 
fact the energy density decreases to zero outside a finite region as is expected for a 
'localized' object. Furthermore computing the non Abelian magnetic field 

allows to associate a magnetic charge to the configuration using the fact that for large 
r must approach values in Mr, i-e. $"$a = v'^ on 5"^, so that 

g= da- -^"Ba = ^ / da- = / da - B ^ . (B.9) 

Js^^ V v^Js2^ J SI, e 

Equation (B.9) shows that the "magnetic particle" satisfies the Dirac quantization 
condition, eg = Aim. Notice that the non Abelian field strength is aligned along the 
Higgs field outside the core of the monopole. The magnetic charge g can be written 
in the form 

g = - I da- B^^a = - [ d^x B\D^Y , 
which follows from Stokes' theorem and the Bianchi identity, which implies DiB^ — 0. 
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For a static configuration with vanishing electric field one then finds that the 
'mass' given by (B.7) satisfies the Bogomol'nyi hound 

m^>v\g\. (B.IO) 

In (B.IO) the equality holds if and only if V{^) = identically (i.e. A = in the 
Georgi-Glashow model) and the first order Bogomol'nyi equation 

= A^" (B.ll) 

is satisfied. 

An explicit solution for the monopole field configuration can be found in the 
special case of spherical symmetry and if the Bogomol'nyi bound is saturated. A 
field configuration corresponding to a non trivial vacuum cannot be invariant either 
under the group of spatial rotations S0(3)r or under the SU(2)g group of global 
gauge transformations ^. However a solution invariant under the diagonal SO (3) 
subgroup of SO(3)rxSU(2)g can be obtained through the ansatz 

= ^H{0 , AS = , A« = -e%~[l - K{0] , 
er er 

where r — \x\, ^ — ver and the functions H and K satisfy K{^) — > 1, H{^) — > for 
r — > and K{^) 0, H{^)/^ — > 1 for r — > oo. In the limit in which the Bogomol'nyi 
bound is saturated an explicit solution was derived by Prasad and Sommerfield [183] . 
The exact form of the solution will not be discussed here since it will not be relevant 
for future considerations. 

In general a non trivial vacuum in the limit V{^) — (BPS limit ^) is rather un- 
natural and moreover the condition of vanishing potential is expected to be broken by 
quantum effects. However in supersymmetric theories this situation is perfectly con- 
sistent because of the presence of flat directions that are protected by supersymmetry. 
The construction leading to the monopoles considered so far can be generahzed to 
the case of non vanishing electric fleld giving rise to conflgurations with both electric 
and magnetic charge (dyons) [184] ^; for such states the Bogomol'nyi bound becomes 

^ Gauge transformations that do not reduce to the identity at spatial infinity are referred to as 
"global" or "large" gauge transformations. 

^Ficld configurations saturating the Bogomol'nyi bound arc called "BPS saturated" . 

^Static dyon solutions corresponding to finite energy configurations cannot be constructed in the 
temporal gauge = 
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The Lagrangian (B.5) can be modified by the introduction of a ^-term 



^^--^c*^r (B.12) 

without spoihng renormahzability. The addition of £g amounts to consider a com- 
plexified coupling constant 

+ ^ (B.13) 

and write the Lagrangian as 

C = - J-Imr (F'^'^ + i * F'^'') {F^, + i * F^,) - \d^^^D^^ . (B.14) 

In the presence of a ^ term the dyons acquire an additional electric charge [185] 
( Witten effect) . More precisely the electric and magnetic charge operators are 



V 

and one finds for the electric charge of a dyon 

eOrir 



Q, ^ - I d^xDi^-Ei (B.15) 



q = n^e 



27r ' 



with e Z and = — G Z. 

47r 



B.3 Monopoles and fermions 

In reahstic models the gauge fields are coupled to fermions and one is then led to 
consider monopole configurations in the presence of fermions. The coupling to spinors 
in a monopole background has important consequences that will be briefiy discussed 
here in the simplest case of gauge group SU(2). 

Dirac fermions can be coupled to the Georgi-Glashow model by adding to (B.5) 
the term 

Nf ^ _ 

C^ = Y^ - 10 ^^l^^ . (B.16) 

k=l 

The Dirac equation reads 
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and a suitable choice for the 7-matrices is 

' \i J ' ' \ ia' 
In the background of a monopole one can look for a solution for ijj'' in the form 

( xX{x) \ 

with '^''{x) — \ \. The Weyl spinors x± then satisfy the equations 

V xt{x) J 

which in general have both positive energy [E >0) and zero energy {E—{)) solutions. 
The monopole ground state is then constructed as a combination of the zero-energy 
eigenfunctions that are interpreted as 'fermionic collective coordinates' describing a 
Grassmannian deformation of the original monopole. The generic solution of the 
Dirac equation can be written in the form 

n 00 

i=i j=i 

where ijj^i are the zero-energy eigenfunctions. The coefficients of the zero-energy 
eigenfunctions in the expansion (B.17) become creation and annihilation operators 
and zero-energy solitonic states are obtained by acting with such operators on the 
"bosonic" monopole ground state. The number of fermionic zero- modes is determined 
by an index theorem [71]. 

In the case of fermions in the fundamental representation it can be proved that 
there is one zero-mode for each flavor for a charge one monopole. Rewriting the Nf 
Dirac fermions in terms of 2Nf Weyl fermions one finds that the creation and anni- 
hilation operators generate a Clifford algebra of dimension 'J^^il'^ — 2^^, that sphts 
into two irreducible representations of dimension . As a result the monopole 

ground state is a spinor of S0(2iV/). The angular momentum generator for a sym- 
metric monopole \^ K — L ^ S where T are the SU(2)g generators of global 
gauge transformations. Fermions in the fundamental can have 'spin' zero since they 
transform under SU(2)gxSO(3)r in the representation 2x2 = 1-1-3 which contains 
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the singlet. Hence the fermionic zero modes carry zero total angular momentum and 
the resulting monopole configurations have spin zero. 

If the fermions are in the adjoint representation there are two zero-modes for 
each fiavor in the one-monopole background [71]. Furthermore these zero modes 

— * 

necessarily have K ^ since the adjoint fermions transform in the 3x2 = 2 + 4 
of SU(2)gxSO(3)r. Since the zero modes are two-fold degenerate they must carry 
spin ±|. Consequently in the simplest case of Nf—1 the corresponding creation and 
annihilation operators (that will be denoted by aj_ and a±) can be used to generate 
the following multiplet of zero-energy states acting on the charge-one Clifford vacuum 

\n) 



State 


Spin 


\n) 







1 

2 




1 
2 


alal\n) 






In conclusion the coupling to fermions in the adjoint representation gives a non- 
vanishing spin to the monopole. 
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